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In recent years, the study of quantum electrodynamics (QED) in light-matter interactions
has discovered various interesting phenomenons that orient many applications. However,
due to the ambient entanglement among photons and atoms, few-particle dynamics remains
challenging to analyze precisely and limits the progress in several fields. In few-particle sys-
tems, different number of atoms interacting with the light field generates drastically different
results, even when there is only a single photon involved in the system. The interference
between individual atom’s spontaneous emission wavefunctions can cooperatively alter the
effective atom-light coupling strength. Depending on the spatial distance between individual
of atoms and the involved cavities in the interaction progresses, the collective spontaneous
emission rate can alter drastically from superradiance, where the emission rate is enhanced
to a high value proportional to the atom number, to subradiance, where the excited atom
ensemble stays in a dark state with the light trapped forever. Superradiance provides a
promising mechanism to create an ultra-strong light-matter coupling environment, which is
xi
an important ingredient for the design of ultra-fast optical devices, frequency comb gener-
ation and quantum mirrors. The dark state of subradiance, on the other hand, is essential
for the quantum memory implementation. Also, nontrivial phenomenons also occur when
multiple photons interacting with a single atom simultaneously. When a finite number of
photons incidents on an atom, their scattering through an atom is highly nonlinear, and
one special eigenstate component of such nonlinear process, namely photonic bound states,
exhibits many interesting properties in nonlinear quantum optical systems. The photons
in such state are strongly bunched with each other, as if a virtual attractive force is in
effect. Also, the frequency of photons are anti-correlated so that their total frequency re-
mains a constant value, no matter how arbitrary the frequency of any individual is. These
features benefit certain nonlinear quantum processes for quantum computing and quantum
imaging. Specially for two-photon excitation imaging, the same-parity two-level fluorophore
molecules suffers from extremely low excitation efficiencies due to the far off-resonant in-
termediate states. However, by replacing the current commonly used ultrashort laser pulse
illuminations with two photon bound state photon pairs, namely photonic dimers, the effi-
ciency can be enhanced to orders of magnitude higher. Such exceptionally high excitation
efficiency can potentially bring the current in vivo deep brain imaging depth from millimeter
level to several centimeters. To obtain a stable source of such photonic dimers, it is found
that a laser structure with gain medium of two-photon emission materials is capable of gen-
erating the coherent state of photonic dimer and can serve as a promising light source for





The interaction between light and materials has always been an essential research topic in
electrical engineering as it is the core physics for optical and photonic devices. Conven-
tionally, such interactions are studied in a macroscopic scale where both the light and the
materials are investigated with respect to their collective physical properties, especially for
the light. While with the development of technologies in manufacturing and manipulation
of nano-scale devices and trapped atom clouds, together with the capabilities of detecting
and manipulating single photons, the quantum effects of both materials and light become
significant. and classical picture is not sufficient to investigate the dynamics. To characterize
quantum-electrodynamics (QED), not only the materials are treated down to its unit atoms,
but light is also depicted by second-quantization representations. Based on the quantum rep-
resentations, one can investigate the non-trivial revolution of particle wavefunctions and the
“magic” of entanglement between particles, giving birth to technologies such as quantum
computing, quantum sensing, quantum imaging, and quantum communication. However,
compared to macroscopic systems, fewer particles do not make calculation simpler. On the
1
contrary, the quantum effect allows each individual particle to sit on a set of different states
(sometimes infinitely many states), and their wavefunctions to describe the superposition of
states can be correlated and entangled.
Despite the difficulty, the nontrivial correlation and entanglement between particles are also
keys to novel quantum devices. Each added particle to the system interacts with all remaining
ones, potentially resulting in a drastically different system dynamics. As a starting point to
examine the few-particle QED, a reasonable strategy is to separate the influence of multiple
atoms and multiple photons. Thus, specifically, the scattering of a photon by an ensemble
of many atoms and the simultaneous interaction between an atom and many photons are of
great interest before establishing a comprehensive of few-particle QED.
Specifically, when multiple atoms interact with a common electromagnetic field, the collec-
tive scattering is fundamentally different from that of a single atom, rather than a simple
scaling. However, when certain conditions are satisfied, the atom ensemble presents special
cooperative physical properties with modified effective spontaneous emission rate without
modifying other scattering features. The effective decay rate varies from an ultra-large value
to zero, namely superradiance and subradiance, respectively. Counter-intuitively, the ul-
tralarge cooperative decay rate can also exist even if only a single-photon is involved in the
system, namely single-photon superradiance. Understanding the physics behind the condi-
tions of such single-photon superradiance promotes a comprehensive understanding of how
number and distribution of atoms affect system QED. Also, the engineered scattering be-
havior of atom ensembles can be exploited for the implementation of stopped light, quantum
storage and ultra-fast optical devices.
On the other hand, when multiple photons incident on a single atom, different correlations
of photon wavefunctions yield fundamentally different results. For example, it has been
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shown that a photonic bound state can create a π phase transition with nearly perfect
fidelity after being scattered by an atom, allowing a deterministic nonlinear quantum phase
gate for photon based quantum computers, while independent photons pairs is limited to
a fidelity around 80%. To further investigate the role of correlation in determining few
photon physics, we investigate the two-photon excitation (TPE) subject to different types
of inputs. TPE is the core physics for many applications including in vivo tissue two-photon
microscopy, while two-photon microscopy is a key to explore the mysterious brain activity.
unfortunately, current state of art establishment for two-photon microscopy imaging can
provide only an image depth at millimeter level, which is too shallow compared to the actual
size of a brain. The main cause is the extremely low efficiency of TPE, where approximately
only one pair of photons can successfully raise the atom to the fluorescence state out of 1012
input photons. Despite that the efficiency can be improved by using ultra-short laser pulses,
due to their larger bandwidth to cover more intermediate excitation states, the photons
are sill independent from each other and the improvement is not substantial. However, by
adding specific correlation between input photons, it is possible to dramatically enhance
the efficiency to an unprecedentedly level. Based on the exceptionally high efficiency, the
imaging depth of two-photon microscopy imaging may reach centimeter-level, which would
be ground-breaking for the research of brains.
1.2 Aims and Methods
To contribute to a comprehensive understanding of few-particle QED from aspects of atoms
and photons separately, my research is purposed to investigate single-photon superradiance
from atom ensembles in various quantum systems and the TPE efficiency from different
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correlations of wavefunctions. For single-photon superradiance, it is designated to find the
conditions and the underlying physics behind it for both the linearly aligned atoms along a
waveguide and the distributed atoms coupled to waveguide via resonators. For the nonlinear
TPE, the excitation efficiency will be discussed for commonly seen correlation types including
state-of-art short pulse input, spontaneous parametric down-conversion photon pairs (SPDC)
input and photonic bound state input. Since the photonic bound state has physical features
in good accordance with the TPE process, it is expected to have a better performance over
the other types of input. My goal is to verify and quantify such advantage, and if the
advantage is significant, the method of generating stable source of such photonic bound
state pairs will be explored.
Conventionally, the investigation of QED systems analyzes the evolution of system density
matrix, which statistically evaluate the population of each state in the mixed state repre-
sentation. Although such representation has been successful in predicting many interesting
quantum phenomenons, it can not fundamentally include the exact wavefunction information
of each possible state and the state space of atoms and photons are commonly decoupled in
the calculation. For few particle physics of both single-photon superradiance and TPE, since
the relative phase and the atom-photon entanglement are important to establish a compre-
hensive picture of physics, a first principle method of second quantization that fully records
wavefunction and entanglement information is exploited. To validate our analytical results,
system dynamics is also computed by a spatial-temporal simulation. The spatial temporal
simulation is directly based on Schrödinger equation without any post-assumptions for the
specific schematics of interest. With such simulation tools, one can track the behavior of
photons and atoms for arbitrary input types or the cases where the photons are initially
stored in the excited atoms.
4
1.3 Organization of Thesis
This thesis presents the research of two interesting physical processes in few-particle quantum
nanophotonic problems: single-photon superradiance and two-photon excitation. Each topic
will be expanded in detail in the following chapters.
In Chapter 2, single-photon superradiance is investigated for atoms sitting along a 1-D
waveguide. In this chapter, an effective mapping method is introduced to find the most syn-
chronized cooperation of atoms which yields fastest spontaneous emission without altering
any other physical properties. Based on the effective mapping method, the system dynamics
of an effective system and that of an ensemble of multiple atoms are compared with re-
spect to all observable physical properties to find the conditions of the strongest cooperative
spontaneous emission. After obtaining the conditions, simulations of both incident light and
stored light are performed to validate the analytical results, and to explore the interference
of spontaneous emission of multiple atoms that are too complicated to calculate by hand.
In Chapter 3, single-photon superradiance is extensively discussed for more complicated
waveguide-QED systems including whispering gallery mode resonators. Following the same
effective mapping strategy, it is shown that the cooperative spontaneous emission can also
occur for atoms distributed around resonators, and even for atoms on different resonators, as
long as certain conditions are satisfied. The analysis is also validated by simulation results.
Since the whispering gallery mode resonators are essential components in many nanophotonic
systems, the potential applications of superradiance are discussed.
In Chapter 4, TPE process and its important application are introduced. The physical
process of the atom to absorb two photons via an intermediate state is analyzed, and the
formula of TPE efficiency is established for arbitrary input light. Also, a novel type of
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correlated photon pair, photonic dimers, which are the most promising candidate to create
high TPE efficiency, is introduced in detail. After the introduction of photonic dimers,
the TPE efficiencies from different types of input are compared and are validated by both
the simulation results and the experiment results. From these results, it is found that the
photonic dimers yield orders of magnitude higher TPE efficiency compared to current state-
of-the-art ultra-short laser pulses under the experimental parameters.
In Chapter 5, since photonic dimers have shown a great advantage in various applications
including TPE, the possible generation schemes of a stable photonic dimer source are dis-
cussed. Since the two photons in a photonic dimer are strongly bunched and their total
frequency is a fixed constant, they can be collectively treated as a “giant” particle in a gen-
erally valid approximation. Based on such treatment, this chapter shows that by emulating
the mechanism of lasers, one can obtain a stable output of photonic dimers by replacing the
gain medium atoms with two-photon transition materials and the single-mode cavity with
multi-mode supportive cavity. The output state is the coherent state of photonic dimers,
where the two photon pair has a fixed statistical and phase with respect to their collective
behaviors.
In Chapter 6, our research about these two specific topics in few-particle QED is concluded.




Atoms Along a Waveguide
2.1 Introduction
In a QED system containing multiple atoms forming an atom cloud, the number and distri-
bution of atoms are decisive to the behavior of system dynamics. In an atom cloud, when
excited atoms are uncorrelated with each other, the collective spontaneous emission follows
a simple exponential law characterized by a single-atom decay rate Γ. When atoms inter-
act with the radiation field coherently, they can radiate spontaneously much faster and the
radiation burst is more temporally concentrated [24]. This enhanced radiation is called super-
radiance, and was first discussed by Dicke [15]. Remarkably, the superradiance phenomenon
can also occur when only one photon interacts with the atoms. In single-photon superra-
diance, the atoms also radiate spontaneously at a much higher rate, and the probability to
detect the single-photon is also temporally compressed in a manner similar to conventional
multi-photon superradiance. Such a single-photon superradiance has attracted considerable
attentions recently [12, 21, 27, 43, 49]. The enhanced single-photon release and capture (the
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time-reversed process of release) and the generation of temporally narrow single-photon pulse
are critical for ultra-fast quantum optical devices and high-speed quantum network [47, 28].
Coherence in the collective spontaneous emission has been discussed using the angular mo-
mentum representation [15]. Following Dicke, for single-photon superradiance, each two-
level atom is described by a single spin- 1
2
system, such that the ground state of the atom
cloud is expressed as |J, Z⟩ = |N/2,−N/2⟩, and the excited atomic state with a single
excitation is |N/2,−N/2 + 1⟩, where J is the total angular momentum and Z is the z-





N (here e and g denote the excited and the ground states,
respectively). This scenario assumes that all atoms are in close proximity so that the phase
difference of the photon field propagating between the atoms can be neglected. Recently, the
spatial distribution of the atoms, which provides a new ingredient for engineering the quan-
tum states, is taken into consideration for single-photon superradiance, using the techniques
such as time derivative eigenfunction analysis [62, 20, 61] and the input-output theory [30].
As a detailed analytical and computational investigation of single-photon superradiance is
rather involved, it is advantageous to establish the criteria for superradiance from an intu-
itive physical picture. In this Letter, we provide such a picture: we demonstrate that when
an atom cloud trapped in a one-dimensional waveguide exhibits single-photon superradiance,
the atom cloud can be mapped into a simple two-level system. Moreover, when the system
is not in single-photon superradiance regime, its quantum dynamics can not be mapped into
a two-level system.
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2.2 Asymptotic Superradiance Conditions
2.2.1 Schematics
Figure 2.1: Schematic of the system of trapped two-level atoms (orange dots) in a singlemode
waveguide. The atom cloud interacts with a single incident photon. After scattering, the
photon wavefunction is separated into reflected component and transmitted component.
To quantitatively study the cooperative interaction of multiple atoms, we treat the atom
cloud as atoms sitting along a 1-D photonic waveguide, which represents a wide variety of
systems in practice, including trapped cold atom cloud, quantum emitters along a photonic
crystal waveguide, and superconducting qubits coupled to a transmission line, etc. The
schematics is depicted in Fig. 2.1, where N atoms sit at x1 to xN . The left port is considered
as the light incidence port. After being absorbed and emitted from the atom ensemble,
incident light splits into transmitted light and reflected light, where the transmitted light is
the consequent interference between the spontaneous emission and the component that does
not interact with the atoms. The reflected light will be purely from spontaneous emission of



































Here c†R(x)(cR(x)) is the creation (annihilation) operator of a right-moving photon at x, and
c†L(x)(cL(x)) is defined similarly for the left-moving photon. vg is the group velocity. σ
−
n and
σ+n are the ladder operators of the nth atom, which is located at xn. Ωne and Ωng are its
excited and ground state frequency, respectively, so that Ωn = Ωne − Ωng is the transition
frequency. γn is the decay rate of the nth atom into free space [7]. V is the coupling strength,
and Γ = V 2/vg is the single-atom decay rate into the waveguided mode [51]. The total decay
rate of the nth atom is Γ + γn [55]. The general form of the state of the entire system with
















−i(Ωn−iγn)tσ+n |0,−⟩ , (2.2)
where |0,−⟩ ≡ |0⟩⊗|g1g2...gN⟩ is the vacuum state containing zero photon and all atoms are
at ground state. ϕR(x, t) and ϕL(x, t) are the right-moving and the left-moving single-photon
wavefunctions, respectively. en(t) is the excitation amplitude of the nth atom.
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2.2.2 Effective-Mapping Picture
Under single-photon superradiance picture, where the atoms yield perfect cooperative spon-
taneous emission between each other, the collective physical properties of those synchronized
atoms should remain unchanged except for the enhanced decay rate. That is, the system
dynamics should be indistinguishable with a single atom but an ultra decay rate. Here in our


























and the general state with a single-excitation is:
∣∣Ψ(t)〉 = ∫ dx(ϕR(x, t)c†R(x) + ϕL(x, t)c†L(x)) |0,−⟩
+ e(t)e−i(Ω−iγ)tσ+ |0,−⟩ ,
(2.4)
where |0,−⟩ ≡ |0⟩ ⊗ |−⟩ is the vacuum state with zero photon and the effective atom
(located at x) is at ground state. An overline is used to denote the corresponding terms
of the effective system. It is mathematically convenient to describe the two systems in the
same Hilbert space, thus we define |−⟩ = |−⟩. For the two systems to depict the same
physics, we require the states in Eqs. (2.2) and (2.4) to be asymptotically equal, that is,
|Ψ(t)⟩ ≈ |Ψ(t)⟩ before and after scattering (for t → −∞ and t → ∞) for single-excitation
process. The single-excitation process can be either a single-photon input (all atoms at
the ground state initially) or a spontaneous emission (no photon initially). The asymptotic
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condition ensures the same scattering matrix for both systems. In the following, we provide
a detailed derivation for establishing the effective mapping assuming a single-photon input.
It can be shown that the spontaneous emission case yields the identical results.
We now inject a single-photon pulse from the left towards the right to the atoms. The
pulse has a wavepacket g(x) with a center frequency ω0 = k0vg (vg is the group velocity)
and a spatial width σp. By construction, g(x) is non-zero only to the left of x1 and x, and
ϕR(x, t = 0) = ϕR(x, t = 0) = g(x) and ϕL(x, t = 0) = ϕL(x, t = 0) = 0. Consequently, the
time evolutions of the states are












Here |Ψω⟩ and |Ψω⟩ are the eigenstates of the two systems, respectively, such that H|Ψω⟩ =
Eω|Ψω⟩ and H|Ψω⟩ = Eω|Ψω⟩, where Eω = ~ω+
∑N
n=1 ~Ωng and Eω = ~ω+~Ωg at the same

















n |0,−⟩ , (2.6a)
∣∣Ψω〉 = ∫ dx(ϕR,ω(x)c†R(x) + ϕL,ω(x)c†L(x)) |0,−⟩
+ eωσ
+ |0,−⟩ , (2.6b)
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a0θ(x1 − x) + a1θ(x− x1)θ(x2 − x)




−ikx(b0θ(x1 − x) + b1θ(x− x1)θ(x2 − x)











For the set-up, a0 = 1, aN = t (transmission amplitude), b0 = r (reflection amplitude) and
bN = 0 (no photon coming from the right). t and r are the transmission and the reflection
amplitudes of the effective two-level system. All amplitudes an, bn−1 (n = 1, 2, ..., N), and





eikxn(an + an−1) + e
−ikxn(bn + bn−1)
]
2(ω − Ωn + iγn)
, (2.8a)
an−1 − an =
iV 2
[
(an + an−1) + e
−2ikxn(bn + bn−1)
]
2vg(ω − Ωn + iγn)
, (2.8b)
e2ikxn(an − an−1) + bn − bn−1 = 0, (2.8c)
eω =
V eikx
(ω − Ω + iγ) + iV 2/vg
, (2.8d)
t = 1− iV
2
vg(ω − Ω + iγ) + iV
2 , (2.8e)
r = − iV
2
e2ikx
vg(ω − Ω + iγ) + iV
2 . (2.8f)
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dxg(x)θ(x− x)e−ikx = ⟨Ψω|Ψ(0)⟩. (2.9)
The effective mapping conditions for identical optical response in x < min(x1, x) and x >











Ωng (i.e., Eω = Eω), (2.10b)
t = t, (2.10c)







When operating on the vacuum state, the operator relation Eq. (2.10a) yields the excited





N |g1...en...gN⟩. Such a state is termed
‘timed’ Dicke state and is the physically accessible excited state under first order approxi-
mation when a left-incoming incident photon is absorbed [48]. The ‘timed’ Dicke state has
been shown to have an enhanced spontaneous emission rate within the range (Γ, NΓ]. In the
following, we derive further constraints for the ‘timed’ Dicke state such that the spontaneous
emission rate attains its maximum NΓ.
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First, using the Eqs. (2.8a) to (2.8d) and the asymptotic condition Eq. (2.10e), we can obtain












ω − Ω + iγ + iΓ
, (2.11b)




We now apply Eq. (2.8e), Eq. (2.11a) and the condition Eq. (2.10c). One can directly
obtains that Γ = NΓ. That is, the atom cloud exhibits single-photon superradiance with the
maximum decay rate NΓ. Now we plug Γ = NΓ into Eq. (2.11c). Since Eq. (2.11c) should
always hold regardless of the actual value of Γ, considering Γ with a negligibly small value,
we have Ω = Ωn and γ = γn, ∀n, i.e., all atoms (including the effective atom) must have
identical transition frequency Ω and dissipation rate γ. Also, for Eq. (2.11c) to hold for all
n, the atom positions must satisfy: first, the atom cloud size must be much smaller than the
size of the photon wavepacket xN−x1 ≪ σp (which can be met in many experiments), so that
the phase terms e2ik(xj−xn) can be uniformly approximated by e2ik0(xj−xn), ∀j, n; and second,
the spacing between atoms must be integer times of λ/2, i.e., xn = x1 + Mnλ/2 (λ is the
wavelength of the center frequency, Mn is integer), so that e
2ik0(xj−xn) = 1, ∀j, n. Last, using
Eq. (2.8f), Eq. (2.11b), and Eq. (2.10d), we require x− x1 ≪ σp, so that k is approximated
by k0, and thus from e
ik0(x−x1) = 1, we determine that the position of the effective atom
must also satisfy x = x1 + Mλ/2 (M is integer) to eliminate the phase difference between
the two systems for the reflected waves.
An immediate consequence is that the transmission spectrum of the superradiant atom
cloud is inverted Lorentzian with full width at half maximum 2(NΓ+γ), which is broadened
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from that of the single atom case 2(Γ + γ). It is also of interest to investigate the case
when atoms are nonidentical in the decay rate into the waveguide (the nth atom has decay
rate Γn ≡ V 2n /vg, Vn is its coupling strength). Applying the same procedure, when an
cloud of nonidentical atoms can still be mapped to an effective atom, they have an effective
decay rate Γ =
∑N
n=1 Γn, with a ladder operator σ
+ =
∑N
n=1 Vn(−1)Mn−Mσ+n /V . For the
alternative derivation using the spontaneous emission, we note that the ladder operator
relation constrains the phase space in the atom cloud to the physically accessible spontaneous
emission. That is, for the physically accessible spontaneous emission, the condition uniquely
maps the excited state of the effective atom to a specific single-excitation state of the atom
cloud. The spectrum broadening and the use of the collective atom operators (in terms of
the spin wave) have been discussed in the literatures [4]. Our results indicate that such a
mapping can be generalized to the case when atoms are not identical and for the off-resonance
incident photons. Our approach also allows us to investigate the spontaneous emission of
an atom cloud as an effective atom. We also note that in the above derivation, as at each
intermediate step, the sufficient and necessary conditions are satisfied. The equivalence of
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Figure 2.2: Responses of an N -atom ensemble interacting with a single photon pulse: N = 1
(red, square symbol), 2 (orange, round symbol), and 3 (green, star symbol). Left column
(d = 0λ): (upper panel) reflected waveform, origin at x1, (center panel) collective excitation∑N
n=1 |ena(t)|2 (in loge scale), and (lower panel) transmission spectrum. Center column:
d = 0.25λ. Right column: d = 0.5λ. ∆ω is the detune from the transition frequency.
2.3 Simulation Results
2.3.1 Photon Scattering
With the physical insights, we now present the numerical results. By applying the Schrödinger
equation, we obtain the following equations of motion:
∂
∂t
ϕR(x, t) = −vg
∂
∂x
ϕR(x, t)− iV ΣNn=1δ(x− xn)ena(t)e−iΩnt,
∂
∂t
ϕL(x, t) = vg
∂
∂x
ϕL(x, t)− iV ΣNn=1δ(x− xn)ena(t)e−iΩnt,
∂
∂t
ena(t) = −iV (ϕL(xn, t) + ϕR(xn, t)) eiΩnt.
(2.12)
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At t = 0, a right-moving photon is launched from the left of the atom cloud. The single-






4σ2p eik0x, where σp = 0.1vg/Γ1, x0 is the
center of the photon waveform at t = 0, which is to the far left of the atom cloud, and
k0 = Ω1/vg is the center frequency of the photon, which is on resonance with the atoms.
When the photon is incident upon the atomic cloud in its ground state, the numerical results
are presented in Fig. 2.2 and Fig. 2.3. In Fig. 2.2, we vary the number of atoms N and the
distance d (d = Mλ/2) between them. Left column: (d = 0λ, M = 0) the reflected single-
photon wave peaks increasingly sharper when N increases, indicating the emergence of single-
photon superradiance (upper panel). The collective excitation (center panel)
∑N
n=1 |ena(t)|2
undergoes an exponential decay with a collective emission rate ΓN = NΓ1 numerically, and






N , in agreement with theoret-
ical prediction. The transmission spectra (lower panel) all have a Lorentzian shape with a
FWHM WN = NW1 numerically. Thus we have numerically demonstrated the single-photon
superradiance. Center column: (d = 0.25λ, M = 0.5, not an integer) the amplitude of the
reflected single-photon wave now decreases and distorts when the number of atom increases.
The burst emission is absent in this case. The long-time decay rates of collective excitations
for N = 1 and N = 2 are the same. The collective excitation for N = 3 case wiggles
and slows down, indicating the photonic interference due to the finite distance between the
atoms. The transmission spectra for N = 2 and N = 3 are non-Lorentzian. Right column:
(d = 0.5λ, M = 1) all quantities in Fig. 2.2 are identical to those of d = 0λ case, but the





numerical results are in agreement with the aforementioned theoretical discussions.
The cooperative emission of a group of quantum emitters applies equally to both atoms
and artificial atoms [64, 22]. In recent years, significant effort has been devoted to gen-
erating quantum optical phenomena in solid state platforms. Multi-photon superradiance
18
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Figure 2.3: (a) Responses of an ensemble of artificial atoms, including the reflected waveform,
the collective excitation (in loge scale) and the transmission spectrum. Upper row: deviations
in transition frequency. Case I: σ = 3% of the center frequency; case II: σ = 3Γ; case III:
σ = 0.5Γ. Lower row: deviations in decay rates. Case I: Γ(1) = 0.8Γ, Γ(2) = 1.4Γ1; case II:
Γ(1) = Γ, Γ(2) = 1.2Γ; case III: Γ(1) = Γ, Γ(2) = 5Γ; case IV: Γ(1) = Γ, Γ(2) = 2Γ, Γ(3) = 3Γ (3
artificial atoms). (b) Placement of the photon and the artificial atoms’ bandwidths for the
first row in (a) (not to scale).
from artificial atoms has been experimentally demonstrated [38, 63, 45]. Theoretical aspects
of superradiance from two artificial atoms have been considered using input-output formal-
ism [30]. Here we use a Hamiltonian-based approach to numerically investigate the more
general scenarios that are directly relevant to current single-photon superradiance experi-
ments using artificial atoms.
Fig. 2.3 (a) presents the numerical investigations for the single-photon superradiance when
deviations in transition frequencies (upper row) and in decay rates (lower row) are present
in the artificial atoms. In the upper row, we investigate three collocated artificial atoms.
In practice, the deviations in transition frequencies approximately follow a Gaussian distri-
bution. Three cases with different standard deviation σ are studied. To mimic the worst
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scenario, the spectral distances between transition frequencies of artificial atoms are cho-
sen to be on the order of the standard deviation. The incident photon is tuned to be on
resonance with the first artificial atom. Also, the bandwidth of the photon is taken to be
ten times of single atom decay rate Γ1. In case I, the deviation is 3% of the center fre-
quency (∼ 106Γ1), which is far larger than the bandwidth of the photon (see Fig. 2.3 (b)
configuration I for the placement of all bandwidths). In this case, the two far-detuned ar-
tificial atoms outside of the photon bandwidth do not interact with the photon and appear
to be transparent to the photon. Thus the responses of the three-artificial atom cloud (red
curves with square symbols in the upper row) are the same as those of the one-atom case
in Fig. 2.2. In case II, the deviation is reduced to be smaller than the bandwidth of the
photon (σ = 3Γ1, see Fig. 2.3 (b) configuration II for bandwidth placement). Now the three
artificial atoms interact with different frequency components of the photon. So that the
reflected photon waveform (orange curve with round symbols) exhibits several peaks. Such
a beating phenomenon is a direct consequence of the interference between those frequency
components, and it is also visible in the collective excitation. The transmission spectrum
has three dips, corresponding to the three atomic transition frequencies. These results also
confirm that the effective mapping does not hold for this case. In case III, the deviation is
further decreased to be 0.5Γ1. The artificial atoms now interact with essentially the same
frequency component in the photon bandwidth (see Fig. 2.3 (b) configuration III). Now the
reflected photon wave (green curve with star symbols) exhibits superradiance. The collec-
tive excitation exhibits a speed-up decay in the short-time limit indicating the single-photon
superradiance, and becomes flat in the long-time limit (albeit small), as a tiny portion of
the photonic wave is trapped between atoms. As the detuning is small, the effective map-
ping is approximately valid, so the single-photon superradiance is present in this case. In
real experiments, the decay rate usually has value 0.1 ∼ 100MHz. For the artificial atoms
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operating at optical frequency 200 ∼ 1000THz, to fulfill the relation shown in Fig. 2.3 (b)
configuration III, the deviation of transition frequencies must be controlled within 0.0001%
to observe single-photon superradiance. For microwave frequency 5 ∼ 10GHz, the required
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Figure 2.4: (a) The waveform of spontaneous emission at t → ∞. The atom cloud (yellow
ball) is at the single-excitation state at t = 0. Cases: single atom with decay rate Γ (black
square) and 4Γ (orange diamond); four atoms at ‘timed’ Dicke state with d = λ/4 (red
round); four atoms at ‘timed’ Dicke state with d = λ/2 (blue triangle); four atoms at
symmetric state with d = λ/2 (green star). (b) The total atom excitation
∑N
n=1 |en(t)|2 (in
loge scale) for the cases in (a). The orange and the blue curves overlap with each other.
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Next, for cases of varying decay rates, when the distance between atoms is Mλ/2 (M is
integer), by a direct generalizing the previous effective mapping procedure, we could prove
that an effective mapping still holds and the superradiant emission rate scaling ΓN = Γ =∑N
n=1 Γ
(n) (Γ(n) denotes the decay rate of the nth atom), regardless of the individual decay
rate and the total atom number N . We numerically demonstrate this relation by simulating
four cases. In case I and II, we keep the atom number (N = 2) and the total decay rate
fixed, but the individual decay rate can be different otherwise. In case III and IV, the atom
number is different, but the total decay rate is still kept same. The numerical results are in
agreement with those from an effective two-level system.
2.3.2 Spontaneous Emission and Interference of Paths
We note that spontaneous emission is the time-reversal process of the absorption of the
incident photon. Thus the physics discussed above is also valid for the spontaneous emission
of an single-excited atom cloud. To simulate the cooperative spontaneous emission, at t =
0, the atom cloud is set at a specific single-excitation state, and then the system evolves
according to Eqs. (2.12). We investigate the spontaneous emission of a four-atom cloud for




ik0xn/2|g1...en...gN⟩ (k0 = Ω/vg), and the inter-atom spacing is d = λ/2;
(2) The initial state is the same ‘timed’ Dicke state, with a shorter spacing d = λ/4; (3) The
initial state is a symmetric state,
∑4
n=1 1/2|g1...en...gN⟩, which has an equal phase relation
between constituent basis, with d = λ/2; (4) A single excited atom of a decay rate Γ and
4Γ. Fig. 2.4(a) plots the waveform of the spontaneously emitted photon for t → ∞, and
Fig. 2.4(b) plots the total excitation
∑N
n=1 |en(t)|2 in loge scale. We summarize the results








Figure 2.5: Interference of spontaneous emission paths. (a) Timed Dicke state with 0.5λ
spacing, satisfying the asymptotic superradiance conditions. (b) Symmetric state with 0.5λ
spaceing. Such state does not follow the form given in the superradiance condition, and on
the contrary, it gives the dark state that is not excitable from an incident photon. (c) Timed
Dicke state with 0.25λ. The superradiance condition is not satisfied, and thus gives only half
of the maximum decay rate in one of the two emission directions.
Table 2.1: Simulation Results for Spontaneous Emission.
N Spacing State Emission Direction Decay rate
4 λ/2 timed Dicke Bidirectional 4Γ
4 λ/4 timed Dicke Chiral (left) 2Γ
4 λ/2 Symmetric State N/A 0
1 N/A |e⟩ Bidirectional Γ
1 N/A |e⟩ Bidirectional 4Γ
4 λ/4 timed Dicke (−) Chiral (right) 2Γ
the emitted photon is a linear superposition of both left propagating and right propagating
modes (Fig. 2.4(a), blue line). The decay rate attains its maximum 4Γ (Fig. 2.4(b), blue
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line) The dynamics can be fully described by an effective atom exhibiting superradiance.
The interference of emission paths is illustrated in Fig. 2.5(a), where the atom spacing and
the corresponding excitation determines the superposition of emission paths. Here we note
that the interference does not require the existence of a real photon, but only the emission
possibility depicted by the wavefunction. In case (2), for a shorter spacing, the initial
conditions do not satisfy the asymptotic condition. The spontaneously emitted photon only
propagates to the left (opposite to k0) (Fig. 2.4(a), red line), with a decay rate 2Γ (Fig. 2.4(b),
red line). The reason of such unidirectional emission can be inferred from the interference
pattern in Fig. 2.5(c). In case (3), the initial conditions do not satisfy the asymptotic
condition, either. Due to destructive interferences shown in Fig. 2.5(b), the symmetric
state becomes a dark state and does not emit any photons (Fig. 2.4(a), green line). Case
(4) describes a single-excited atom as a comparison with a decay rate Γ (Fig. 2.4(a) and
Fig. 2.4(b), black line) and 4Γ (Fig. 2.4(a) and Fig. 2.4(b), orange line), respectively. For
the latter case, the emitted photon has the exactly same waveform with case (1). In case




the wave vector now is −k0. The emitted photon now propagates in the right direction only,
with a decay rate 2Γ.
2.4 Summary
In this chapter, the fundamental physics of single-photon superradiance with strongest coop-
erative decay rate is illustrated. A set of asymptotic superradiance conditions is concluded
and an insight that the cooperative spontaneous emission is a consequence of the interfer-
ence of light paths is depicted and numerically validated. We note that this phenomenon
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is a purely quantum phenomenon since the interference does not rely on the existence of
a photon but only the probabilistic paths. Such a cooperative interaction between multi-
ple atoms and a photon is an interesting ingredient for the design of ultra-strong coupling
devices, ultra-fast optical devices, and light storage. Also, the conditions and simulation
results provide references and explanations for many photonic experimental results yielded
from multi-atom systems. In the next Chapter, we will discuss the superradiance in more
complicated waveguide-QED systems including whispering gallery mode resonators, one type







The previous section illustrates the fundamental physics of single-photon superradiance and
presents the exact condition for superradiance. However, most researches on superradiance
restrict on an atom cloud occupying a dense free space or along a 1-D waveguide. The systems
containing other optical elements are rarely discussed. Thus, to further investigate the
cooperative interaction between atoms and the photon field, we consider a waveguide-QED
systems with whispering-gallery mode resonators (WGM).WGM resonators (e.g., micropost,
microsphere, microtoroid, and ring) have been drawing ever-increasing attentions, due to
the promise of a new modality of light switch, amplification, and modulation [65, 69]. In
both classical and quantum regimes, the solid-state WGM resonator-based photonic devices
have been shown to enable several unique functionalities, such as add/drop filter for photon
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routing, slow light [37, 17], nano-particle sensing [57, 66], and scalable on-chip photonic
qubit entanglement [60]. Thus, it is of great interest to extend single-photon superradiance
to functional configurations involving WGM resonators.
To investigate single-photon superradiance, a same strategy following previous chapter of
finding the effective mapping system is exploited. Specifically for a WGM resonator system,
not only the quantum dynamics of the excitation amplitude of atoms and the wavefunction
of waveguided photon are coherently calculated, but also the resonator excitation modes are
quantized. In this chapter, a singleWGM resonator coupled to many atoms are analyzed first.
Based on the results and conditions of single resonator system, single-photon superradiance
of atoms on cascaded multiple resonators are further studied.
3.2 Superradiance Condition inWGMWaveguide-QED
Systems
3.2.1 Schematics
An illustrative system schematics of such WGM resonator systems is shown in Fig. 3.1. In
Fig. 3.1(a), an example two-resonator system is depicted. Photons in the waveguide can ex-
cite the resonator whispering gallery modes. For simplicity, we assume that only one specific
resonator mode is excited, and the resonators are separated far enough so that the interres-
onatorcoupling is negligible. The atoms (or artificial atoms) are coupled to the resonator
via the evanescent waves. The entire resonator system is outlined in a gray-lined rectan-
gle. Under superradiant effective mapping picture shown in Fig. 3.1, the fully synchronized
27
cooperative interaction of atoms with the light mode should yield indistinguishable optical
response with a single effective atom on each resonator. Finally, if superradiance occurs
for atoms on multiple resonators, the entire system should be further mapped to a single







Figure 3.1: (a) Distributed multi-resonator case. Shown is the case of two WGM resonators
(blue rings). Each resonator couples with a number of two-level atoms (green dots). (b)
Renormalization of the multi-resonator case: the atoms coupled to each resonator in (a) can
be mapped to an effective atom. The configuration of the multiple resonators, each now
with a single effective atom, is further mapped to an effective system consisting of a single
resonator and a single atom.
The quantitative analysis starts with an exact description of a general resonator systems
dynamics (not limited to the example two-resonator case in Fig. 3.1(a)). The Hamiltonian
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[(Ωe − iγ)σ+mnσ−mn + Ωgσ−mnσ+mn]



















c†R(x) (cR(x)) is the creation (annihilation) operator of a waveguided right-propagating pho-
ton at x, and c†L(x) (cL(x)) is similarly defined for the left-propagating photon. M is the
number of resonators, each of which couples to the waveguide at xm (m = 1, 2, 3, ...M), and
a number of Nm atoms couple to the m-th resonator. σ
+(−)
mn is the raising (lowering) ladder
operator of the n-th atom coupling to the mth resonator. ~Ωe and ~Ωg are the energies
of the excited and ground state of the atom, respectively. In the excitation frequencies of
atoms and resonator modes, renormalized imaginary damping terms γ and γr are added
to characterize their interaction with the ambient environment [7, 6]. A validation of such
renormalized Hamiltonian approach and a comprehensive comparison between it and other
commonly used techniques has been clarified in Ref. [8]. In literature, many fruitful ap-
proaches such as Lindblad superoperator, quantum Langevin approach and quantum jumps
have been widely used in describing the quantum noise and dissipations. However in these
approaches, the dissipations and noises are incorporated in the system’s equation of motion
by a phenomenological term describing the stochastic interaction between the system and
the environment, and the system-environment entanglement is inherently not taken into full
consideration. Also, for those calculations of dissipations and noises based on the density
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matrix approach, the description is fundamentally incoherent and generates mixed state re-
sults. In contrast, renormalized decay rates in the excitation frequencies can readily preserve
both the system-environment entanglement and the intra-system entanglement throughout
the calculation, giving a coherent pure-state description of the system with a precision up
to an arbitrarily high order. Ω ≡ Ωe − Ωg is the transition frequency. Ωr is the resonance
frequency of the resonator. γ and γr are the decay rates of the atoms and the resonators
into the ambient environment, respectively [7, 6]. a and b are the annihilation operators of
the counter-clockwise and clockwise mode of the resonator. Within the atom cluster cou-
pling to the m-th resonator, the n-atom (1 ≤ n ≤ Nm) in the cluster couples to the two
WGMs of the resonator with a coupling gamn = |ga|eiξθmn and gbmn = |gb|e−iξθmn respectively,
where ξ is the order number of WGM and θmn is the angular position of the atom [56]. V
is the resonator-waveguide coupling strength and Γ ≡ V 2/vg is the resonator decay rate to
the waveguide. hm characterizes the two WGMs conversion strength (backscattering) of the





























where ~ω is the energy of the photon, and Eω = ~(ω +
∑M
m=1 NmΩg) gives the energy of
the eigenstate. ϕR,ω(x) and ϕL,ω(x) are the right and left propagating eigen-wavefunction.
αm,ω, βm,ω and emn,ω denote the excitation amplitude of two resonator modes and the atoms
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respectively. |0,−⟩ denotes the vacuum state containing zero photons in the waveguide with
resonator modes not excited and all atoms at the ground state.
3.2.2 Many Atoms Coupled to a Single Resonator
Here we first consider the atoms on a common WGM resonator, that is, let resonator number
subscript m = 1 and thus dropped for simplicity. We seek to establish an effective mapping
(superradiance condition) so that the optical response of the configuration is identical to
that of a single effective atom coupling to the resonator, for the same single-photon input.
Also, the excitation amplitude and the entanglement information of the N atoms should be
preserved by the effective atom throughout the interaction. For this purpose, we expand the











where |Ψ(t)⟩ denotes the state of the fundamental configuration at arbitrary time t, and the
overline denotes the physical quantities pertinent to the effective system. The properties of
the ground states of both systems are specified by |−⟩ ≡ |−⟩ and Ωg ≡ NΩg. For the initial
condition of a left-incident single photon, the photonic eigen wavefunctions takes the form
ϕR,ω(x) = [θ(x1−x)+ tωθ(x−x1)]eiωx/vg and ϕL,ω(x) = rωθ(x1−x)e−iωx/vg [51] (the effective
system has the same form but not shown), and the projection ⟨Ψω|Ψ(0)⟩ = ⟨Ψω|Ψ(0)⟩ =∫
dxϕR(x, t = 0)e
−iωx/vg . The expansion in Eqs. 3.3 reduces to tω = tω and rω = rω. The






describes the single excitation of the collectivity among the atoms (subscript “m”=1 for the
31
resonator number is dropped). By solving H|Ψω⟩ = Eω|Ψω⟩ and H|Ψω⟩ = Eω|Ψω⟩, one
obtains
tω =
∆2δ + Γ2δ −∆G2+ − iΓG2− − I1 + I2δ − |h|
2δ
(∆ + iΓ)(∆δ −G2+ + iΓδ)− |h|2δ + I2δ − I1
(3.4a)
tω =
∆2δ + Γ2δ −∆G2+ − iΓG
2
− − I1 − |h|2δ
(∆ + iΓ)(∆δ −G2+ + iΓδ)− |h|2δ − I1
(3.4b)
















j=1[|gan|2|gbj|2 − (g∗angbn)(gajg∗bj)]. For the
effective system, δ = ω−Ω+iγ, G2+ = |ga|2+|gb|2, G
2
− = |ga|2−|gb|2, and I1 = g∗agbh+gag∗bh∗.
rω (rω) and enω (eω) can also be obtained similarly (not shown). By equating tω = tω,

























The first one and the third one set constraints on the atom-resonator couplings; while the
second one indicates that the angular distance of any two atoms must be an integral multiple
of π. The fourth one specifies the properties (transition frequency and the dissipation rate)
of the effective atom; while the last one describes the excited state of the effective atom. We
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Since the spontaneous emission is the time-reversed process of the single-photon incidence,
such an entangled state is also the single-photon superradiant state with the maximum
spontaneous emission rate.
3.2.3 Many Atoms Coupled to Cascaded Resonators
After we have the superradiance condition for atoms on a single resonator, we will move
forward to a more comprehensive nanopphotonic system, which usually contains multiple
resonators. A solid-state WGM resonator typically has a size of order 10∼100 µm, thus
a photon wavepacket (usually has a spatial size > 1 mm) can couple coherently to multi-
ple resonators at the same time, indicating the possibility of single-photon superradiance
for cascaded systems. Our strategy for investigating the single-photon superradiance phe-
nomenon in a multi-atom multi-resonator configuration is through a renormalization process
(Fig. 3.1(b)): first, the atoms coupled to each resonator is mapped to an effective atom via
the aforementioned single-resonator superradiance condition; next, the configuration of the
multiple resonators, each now is coupled with only a single effective atom, is further mapped
to an effective system consisting of one renormalized single resonator and one renormalized
single atom that exhibits the single-photon superradiance. To illustrate the process, we con-
sider a two-resonator case, wherein each resonator couples to an effective atom with coupling
strength ga1, gb1 and ga2, gb2, respectively. To describe the cascade system’s superradiance in
the effective mapping picture, we search for the conditions when the transport property of the




ω ) are physically equivalent to that of a renor-




ω ; the superscript
R denotes the renormalized single-resonator system), i.e., |t(2)ω |2 = |t
R
ω |2 and |r(2)ω |2 = |rRω |2.
33
Due to the accumulated phase retardation of the running waves propagating within multi-
ple resonators, here we require only the equality of the norm of the amplitude but not the
phase. After some algebra, the two systems are found to be physically equivalent under the
following set of conditions: (1) The distance between the resonators is an integer multiple
of λ/2 (λ is the wavelength corresponding to photon center frequency); (2) The resonators
are identical, and are on resonance with the atoms Ωr = Ω = Ω; (3) The atoms couple to
two counter-propagating modes with the same strength |ga1,2| = |gb1,2| = |g1,2|, and atom-
resonator coupling is much weaker than resonator-waveguide coupling Γ2 ≫ 2|g1|2 + 2|g2|2;
(4) The angular positions of two effective atoms satisfy ξ(θ1 − θ2) = Cπ (C is integer); and
(5) The back-scattering strength |h1,2| and dissipations γr, γ are all negligible compared to
|g1,2|. These sufficient conditions leads to |t
(2)
ω |2 ≈ |t
R
ω |2 with renormalized effective parame-
ters Ω
R
r = Ωr, Γ
R
= Γ and |gR| =
√
|g1|2 + |g2|2. That is, the two-resonator cascade now can
be mapped to a renormalized one-atom one-resonator effective system, wherein the renormal-
ized resonator has exactly the same properties as those in the original two-resonator system
but the renormalized resonator-atom coupling is enhanced. The superradiance condition
can be straightforwardly generalized to a multi-resonator cascade, wherein the renormalized






To validate the single-photon superradiance effective mapping, we also carry out a rigor-
ous numerical investigation of the system dynamics by solving the Schrödinger equation
i~∂t|Ψ(t)⟩ = H|Ψ(t)⟩ numerically, using none of the assumptions in the aforementioned













































































Figure 3.2: (a) Reflected single-photon waveform for various atomic angular distance. The
case of one effective atom with 2 times coupling (4|g|2, open circle) is also shown for com-
parison. Γ/|g| = 25. γr, γ, and h are negligible. (b) Transmission spectrum for cases in (a).
(c) Total atomic excitation (in log scale) for cases in (a). (d) Reflected waveform for N = 1
(blue), 4 (green), 40 (orange), and the case of an effective atom with |g|2 = 40|g|2 (open
circle), when ξ(θn − θn−1) = π. Γ/|g| = 9. γr, γ, and h are negligible. (e) Transmission
spectrum for cases in (d). (f) Total atomic excitation (in log scale) for cases in (d).
propagates toward to the right. The equations of motion are evolved numerically in time
to trace out the full spatiotemporal dynamics of the scattering process [3]. The atoms are
set to couple with two WGMs with the same strength |gan| = |gbn| = |g| and the incident
photon has a Gaussian waveform with a spatial standard deviation σ = 0.1vg/|g|. The
photon, resonator and atoms are all on resonance. Fig. 3.2(a)-(c) plot the case for N = 4
atoms with various atomic angular distance for Γ = 25|g|. For atoms with an angular dis-
tance ξ∆θ = π (orange curves), the system satisfies the superradiance condition and we find
numerically that the optical response of the effective system is exactly the same as that of
a single atom with a coupling |g| =
√
4|g| (open circles). The reflected wave (Fig. 3.2(a))
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exhibits a peak and then decays exponentially. The transmission spectrum (Fig. 3.2(b))
follows a Lorentzian shape with a total reflection at resonance point. The collective excita-
tion of atoms
∑N
n=1 |en(t)|2 (Fig. 3.2(c)) decays exponentially at a fixed rate after absorbing
the photon. However, when the angular distance is changed to 0.3π (blue curves) and 0.5π
(green curves), where coherent interaction is broken and the superradiance condition is not
satisfied, the dynamics is entirely different with the effective atom case. The reflected wave
now is weak or even eliminated. The transmission spectra do not show a Lorentzian dip and
the collective excitations of atoms decay at a much slower rate.
Fig. 3.2(d)-(f) show the enhancement of single-photon spontaneous emission rate when the
atom number N increases from 1 to 40 under the superradiance condition for Γ = 9|g| (all
other parameters are unchanged). As N increases from 1 (blue curves) to 4 (green curves) to
40 (orange curves), the peak in the reflected single-photon waveform becomes increasingly
more prominent (Fig. 3.2(d)), the transmission spectrum is broadened (Fig. 3.2(e)), and the
collective atomic excitation (Fig. 3.2(f)) also decays at a faster rate. Interestingly, for the
N = 4 case, the collective atom excitation in Fig. 3.2(f) exhibits a transient oscillation pat-
tern which has a linear decay envelope in the semi-log plot. The transient oscillation becomes
more rapidly when N increases to 40. As N increases, the coupling strength crossovers from
weak-coupling regime Γ ≫
√
N |g| for N = 1 to the strong-coupling regime Γ ≃
√
N |g| for
N = 4 and 40 (which can be achieved even for small |g|). Consequently, the small photonic
relaxing rate Γ from the resonator to the waveguide in the strong-coupling regime presents a
bottleneck for photon transfer, and accordingly the photon would jump coherently between
the resonator and the atoms numerous times before it is eventually leaked to the waveg-
uide, resulting in such an oscillation of atomic excitation. In the strong-coupling regime, the
atomic decay rate does not increase further when N is increased, as the rate is fundamentally
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limited by Γ. Nonetheless, the optical responses of N = 40 case and effective atom with







































Figure 3.3: (a) Reflected waveform of a short Gaussian wavepacket input. Orange curve:
N1 = 3, N2 = 5, and the cascade system satisfies the superradiance condition. Open circle:
the atoms on each resonator are replaced by one effective atoms (|g1|2 = 3|g|2, |g2|2 = 5|g|2).
Green curve: the cascade system is replaced by a renormalized atom (coupling strength
|gR|2 = 8|g|2) coupled to one WGM resonator. Blue curve: a comparison case that a single
atom (coupling strength |g|) couples to a resonator. Γ|g| = 25. γr, γ, and h are negligible.
(b) Transmission spectrum. (c) Total atomic excitation (in log scale).
The numerical illustration of superradiance in a cascaded system is conducted for a two
resonator case. Each resonator is coupled with a number of identical atoms (N1 = 3 and
N2 = 5, respectively; |ga| = |gb| = |g| for each atom; and Γ/|g| = 25). The incident photon
pulse has a width σ = 0.1vg/|g| and all parameters are set to satisfy the superradiance
condition. The results are shown in Fig. 3.3. Compared with the one-atom one-resonator
case with an atom-resonator coupling strength |g| (blue curve), the cascade system (orange
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curve) exhibits a prominent reflection peak (Fig. 3.3(a)), a broadened transmission spectrum
(Fig. 3.3(b)), and an enhanced collective atomic excitation decay rate (Fig. 3.3(c)), which
are all signatures of single-photon superradiance. Also shown in Fig. 3.3 (open circles) is the
case wherein the atoms coupled with each resonator are replaced by one effective atom (with
|g1|2 = 3|g|2 and |g2|2 = 5|g|2 respectively). The agreement with the cascade system (orange
curve) provides a numerical support for the equivalence of the two systems, as established
previously. Moreover, the numerical results for a renormalized system (a renormalized atom
with |gR|2 = 8|g|2 coupled to a renormalized resonator with ΓR = Γ), as shown by the green
curves, indicate that single-photon superradiance for the multi-atom two-resonator cascade
system can be well-approximated by a renormalized one-atom one-resonator system.
3.4 Applications of Superradiant Atom-light Coupling
The enhanced interaction between atoms and a single-photon under superradiance conditions
can be exploited to produce nontrivial optical phenomena that are otherwise unachievable
for feeble atom-photon interactions. Here we describe the generation of single-photon fre-
quency comb via a slowly frequency-modulated superradiant effective atom with a chiral
coupling [33]. A single-photon frequency comb is an optical spectrum of a single-photon
pulse which consists of equidistant spectral lines over a wide bandwidth [32, 42]. Single-
photon frequency comb is an important tool for high-precision optical metrology and also
provides a means for encoding qubits in quantum communication. Although a number of
frequency comb generation schemes exist, to date it is still challenging to generate frequency
combs at single-photon levels. Here we present a generation method based on strong atom-






























Figure 3.4: Single-photon frequency comb generation. (a) Inset: Schematics. A frequency-
modulated effective superradiant atom (green dot) chirally couples to the counter-clockwise
mode of a WGM resonator. Transmitted single-photon wavepacket for a single atom (N = 1,
blue curve) and for superradiant atom consisting of four atoms (N = 4, orange curve),
respectively. The input photon has a long Gaussian waveform. (b) The frequency spectra of
the output wavepforms in (a).
of Fig. 3.4(a): an effective atom (green dot), which represents a cluster of atoms under
the aforementioned superradiance condition, asymmetrically couples to only one of the two
WGMs of the resonator (counter-clockwise mode in this case), where the transition frequency
of the atoms is modulated by a slowly-changing external electric field. One effect of the ex-
ternal modulation is the nonlinear frequency mixing between that of the single-photon and
the modulation frequency, in order to generate sideband components desired in a frequency
comb. The chiral coupling can be created by using strong light confinement to lock the local
polarization of the light to its propagation direction at the emitters [33]. As a result, even
though both counter-propagating WGMs are supported in the resonator, the quantum emit-
ters preferentially couple to light unidirectionally. With the couplings taken directly from a
recent experiment for a chiral waveguide QED system [44], the waveguide-resonator coupling
strength Γ is assumed to be 40 MHz, and each atom couples to the resonator with a strength
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|ga| = 24 MHz (|gb| = 0 Hz due to the chiral coupling). The atoms are modulated by a
slowly-varying external electric field with a frequency ωm = 10 MHz, which is small com-
pared to the typical atom transition frequency (≫ 1 THz in [44]). Via the Stark effect, the
transition frequency of the atoms now changes with time and becomes Ω(t) = Ω+κ cos(ωmt),
where the modulation amplitude κ is chosen to be 300 MHz [39]. Consider a long single-
photon Gaussian wavepacket with a spatial width σ = vg × 500 ns incident from the left
port of the waveguide. After interacting chirally with the frequency-modulated superradiant
atom, the photon is scattered unidirectionally to the right output port of the waveguide.
Fig. 3.4(a) plots the output waveform for the case when the effective atom consists of four
atoms (orange curve). Instead of a single superradiant peak, the modulation now gives rise
to a series of narrow and strong superradiant peaks. Accordingly, in the frequency domain,
as shown in Fig. 3.4(b) (orange curve), the modulation of the superradiant effective atom en-
ables efficient conversion and redistribution of the photon energy into equidistant sidebands
centered at Ω ± lωm, l = 1, 2, 3, ..., respectively, exhibiting a single-photon frequency comb.
The center frequency peak is largely suppressed so that the output photon is mostly off-
resonant to the superradiant effective atom. Also, by eliminating the far-detune frequency
components with proper optical bandpass filters, the fast oscillation noises in the wavepacket
can be suppressed. As a comparison, in Fig. 3.4(a), we also show the output waveform for
the modulated single-atom case (blue curve), wherein the modulation merely induces small-
amplitude ripples superimposed on the single-photon Gaussian profile. The modulation also
causes weak sideband components in the frequency spectrum, but most of the photon energy




In this chapter, single-photon superradiance in WGM resonator systems is illustrated and
the condition is established for both single-resonator and cascaded resonator system. The
superradiant coupling strength is promising to create ultrastrong atom-light interaction pic-
ture. One example of exploiting such ultrastrong in generating high-quality frequency comb
is presented with validation of simulation.
Together with Chapter 2, single-photon superradiance, the cooperative spontaneous emission
of atoms in a few-particle QED system is discussed in a great detail. Instead of an interference
of existing electric fields, superradiance is a consequent interference of atomic emission paths,
due to the fundamental quantum nature of the system. In a few-particle QED system, the
substantial change of physics due to the mutual interaction between particles does not occur






After the study of cooperative spontaneous emission of atoms, we next move to the scenario
where mutual interaction between photons influence the few-particle dynamics. In QED
systems, the interaction between photons is yielded from two different aspects. The atom-
mediated interaction between photons makes the multi-photon system inherently nonlinear.
On the other hand, the photon-photon correlation at the input, which can be considered as
consequences of virtual forces among photons, is also an important decisive factor.
One important multi-photon atom-light interaction process is the two-photon excitation
(TPE). It is a nonlinear process in which a fluorophore is excited by nearly simultaneous
absorption of two low-energy photons (typically in the infrared spectral range, in contrast
to the UV energy photon in single-photon transition) via short-lived intermediate states. In
twophoton fluorescence light microscopy [13], the use of a longer excitation wavelength leads
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to increased penetration because both the absorption and the reduced scattering coefficients
are decreased, and makes possible three-dimensional in vivo imaging of thick cells and tissues
at millimeter scales [29]. Nonetheless, because two-photon absorption has an exceedingly
small two-photon cross-section on the order of 1 GM (1 GM = 10−50 cm4 s/photon) [68],
ultrashort pulsed laser excitation is needed to deliver high-photon flux to the sample to
generate efficient absorption. Even so, the excitation efficiency remains exceptionally low:
For example, for a pulse containing 2.4×109 photons, merely 5.3×10−3 photon is absorbed per
fluorophore under typical TPE conditions [67]. The finite quantum yield of the fluorophore
(∼5% to ∼90%) further decreases the efficiency. To increase the TPE efficiency requires that,
in the frequency domain, the energies of the two incoming photons matches the transition
energy and, in the time domain, the two photons arrive nearly simultaneously on the scale
of the virtual state lifetime.
To increase the TPE efficiency, the input photons should match the requirement of the pho-
ton absorption process. That is, two incident photons should have frequency lying in the
fluorophore molecule transition bands, and they should arrive at the fluorophore simultane-
ously within the time scale of virtual-state life time. The better the matching between input
photons and the requirements, the higher the excitation efficiency. The quantitative TPE
efficiency for different types of input has been discussed using the density matrix approach
and second-order time-dependent perturbation [26, 11, 70]. However, the density matrix
approach neglects the interferences between the molecular excitation amplitudes by different
frequencies of the optical excitation field and, as shown below, the second-order perturba-
tion is found to be too crude to be quantitatively correct. Moreover, in the seminal work of
Ref. [26], a nearly resonant intermediate state is assumed, which in general is not valid in flu-
orophores used in the TPE microscopy. Here, we investigate the TPE processes by photonic
bound states by explicitly including the interferences between the molecular excitations by
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all photonic frequencies. Our approach is applicable to a wide range of the intermediate
state frequency detunings, including the far-off-resonance scenario that is directly relevant
for TPE microscopy [13, 29].
In most current experimental setups, the input photons are uncorrelated ultra-short pulses.
Although photons in such ultra-short pulse are closely located, their frequency distribu-
tion are incompatible with the molecular transition bands. However, we will show that
by introducing photon-photon correlation, the TPE efficiency can be extensively increased.
Specifically, photonic bound state enables orders of magnitude higher efficiency over the
uncorrelated ultra-short pulses from a laser, due primarily to the Lorentzian frequency anti-
correlation and to the temporal proximity between the constituent photons.




Figure 4.1: Two-photon excitation process. An illuminating two-photon pulse is injected
to the fluorophore molecule. The excited state has same parity with the ground state so that
only two-photon transition is allowed. The two-photon transition can in principle finished via
a large set of intermediate state, where for simplicity is effectively denoted by a single state
in our schematics. The total energy of two incident photons are centered at resonance with
the total transition from the ground state to the excited state, and the effective intermediate
state has a detuning δ from half of the total transition frequency.
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The two photon excitation can be featured by a process where a wavepacket containing two
photons incidents on a molecule and raise the ground state |g⟩ to the excited state |e⟩ via
an effective short-lived intermediate state |i⟩. The schematics can be depicted in Fig. 4.1.




























iai + (Ωe +∆a − iγa)a†eae, (4.1)
where the first two terms describe the waveguided photons propagating in the right and left
directions, respectively, with a group velocity vg. c
†
R(x) (cR(x)) is the creation (annihilation)
operator for the right-moving photon, and c†L(x) (cL(x)) is similarly defined for the left-
moving photon. The next term describes the absorption of a photon and the excitation of
the molecule from |g⟩ to |i⟩ with a coupling strength V1, or from |i⟩ to |e⟩ with a coupling
strength V2. Here a
†
g,i,e (ag,i,e) is the creation (annihilation) operator of the corresponding
state. The h.c. term refers to the hermitian conjugate and describes the time-reversed
relaxation process with an emitted photon. The last three terms describe the energy of
molecular states. The molecular energy renormalization ∆a − iγa results from coupling
with the ambient environment [55, 7], which accounts for the dissipation and dephasing of
the excited state. The renormalization term is omitted here. To simplify the description,
henceforth we assume that V1 = V2 = V . The decay rate of the excited states into the
waveguided mode is Γ = V 2/vg and the spontaneous emission lifetime of the molecule is
τ0 = 1/Γ [54, 53].
The excitation efficiency is proportional to the probability of a pair of photon to be fully
absorbed by the molecule. At time t, the probability of the molecule sitting at the excited
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state is denoted by |ea(t)|2. Thus, for a normalized input wavepacket at the incidence, the
total chance of the molecule to absorb the two photons is the instant excitation probability
integrated over the entire interaction process, i.e.,
∫
|ea(t)|2dt. Such accumulated excitation
is related to the two-photon cross section σ(2) as
∫
|ea(t)|2dt = σ(2)/(TA)2, where A is the
diffraction limited area of the pulse [67]. Multiplied by the quantum yield η, the quan-
tity η
∫
|ea(t)|2dt is proportional to the number of fluorescence photons (fluorescence signal
strength). To calculate the excitation amplitude ea(t), we consider the two-photon excita-
tion process |g⟩ → |i⟩ → |e⟩ as two successive single-photon transitions, each between a pair
of energy levels (|g⟩ to |i⟩ then to |e⟩) with the second transition being conditioned by the
occurrence of the first transition. For each single-photon transition, the temporal excitation
amplitude of the upper level state can be inferred from the solutions of single-photon-two-














Since the second occurrence of the second transition is conditional on the arrival of the first
photon, which excites the intermediate state |i⟩, the excitation amplitude of state |e⟩ can be
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ω1 − Ω1 + iΓ
ϕin,ω(ω1, ω2)
(4.3)
As the intermediate state couples to the waveguide and the environment, thus undergoes
a spontaneous decay with a life time τ0 after being excited by the first photon at t1, the
amplitude of the intermediate state |i⟩ of the molecule becomese−(t2−t1)/τ0 when the second
photon arrives at t2. Thus, an imaginary part −iΓ/2 to its frequency to describe the relaxing
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We note that now the part inside the absolute square is the interference of excitation ampli-
tude from all frequency components, modified by a term related to the time. Such that we
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× g(t1, t2) (4.5)
Since when the two Lorentzian functions are absent, the modification of the temporal
terms on the frequency distribution just gives the wavefunction of two photons in the
time domain. In the time domain, the joint probability density of two photons to arrive
at the fluorescence molecule is given by the second order correlation function G(2)(t1, t2) ≡
⟨ϕin|â†(t2)â†(t1)â(t1)â(t2)|ϕin⟩, where |ϕin⟩ is the input two-photon state and â(t1) is the pho-
ton annihilation operator evaluated at the location of the fluorescence molecule. Thus it is
reasonable to approximate the modification function g(t1, t2) by the second-order correlation
function g(t1, t2) ≈ κG(t1, t2). Consequently, the total excitation efficiency is proportional
to a combined product of the factor in time domain and frequency domain:
∫
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where ∆t ≡ t2−t1. F (ω1) is the Fourier coefficient of the first arrival photon and F (ω2|ω1) is
the Fourier coefficient of the second arrival photon when the first photon has been “detected”
by the molecule. And F (ω2, ω1) = F (ω2|ω1)F (ω1) gives ϕin,ω(ω1, ω2).
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4.3 Different Types of Input Photon-photon Correla-
tion
To compare the TPE efficiency for different types of input with or without photon-photon





Figure 4.2: (a)(b)(c) Probability density plots of two-photon optical excitation in time scale.
(a) A long Gaussian pulse. (b) A short Gaussian pulse. (c) A photonic dimer. (d) Joint
frequency spectrum of the photonic dimer described in (d). All density plots are normalized
to the same color range and all time scales of flux are same.
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4.3.1 Uncorrelated Gaussian Wavepackets
Currently, the most prevailing light source for two-photon miscroscopy is ultra-short laser













where x1 and x2 correspond to the location of each photon in the input port of the waveguide,
and x0 is the center position of the input pulse (the results will not depend on the choice
of x0 so long as the initial pulse does not overlap with the fluorophore). A factor named
the coherence time T ≡ 2σ
vg
is defined to characterized the spatial size of such Gaussian
wavepackets. The time-domain wavefunctions of a long-pulse and a short-pulse are shown in















In the frequency domain, two photons also follow Gaussian distributions, and are independent











(ω1 − Ω− δ + iΓ)(ω2 − Ω + δ + iΓ)
∣∣∣2 (4.9)
From its TFC factors in both domains, it can be find that for a shorter Gaussian wavepacket,
it has high time domain factor as the exponential decay is much smaller within the temporal
extension of the wavepacket. In the frequency domain, if the intermediate state detuning δ is
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small compared to the photon bandwidth, the frequency domain factor is mainly determined
by the normalization constant. That is, a broader band yields a smaller excitation efficiency.
However, if δ is large, the majority of the photon energy is far from the transition bands.
Since the photon component at transition band is exponentially small following the Gaussian
formalization, the TPE efficiencies of both the short and long laser pulse are determined by
the photon center frequency components with a weak transition amplitude, proportional to
the Lorentzian decay term ≈ 1/δ4. Still, since a shorter pulse has larger bandwidth, its
covering band is closer to the transition band and is still preferred compared to long pulses
when δ is large.
4.3.2 Photonic Bound State – Photonic Dimers
Since photons merely interact with each other, photon-photon correlations are rarely ob-
served or exploited in real experiments. However, the strong light-matter interaction allows
the atoms or artificial atoms to be the intermediary that correlates photons. Among all
types of photon-photon correlation, it has been proved that the photonic bound state can
construct arbitrary two-photon wavepacket, together with a set of uncorrelated plane wave
components. The two-photon bound state pair, namely a photonic dimer, are always in
proximity with each other, showing a strong bunching correlation characterized by an ex-
ponential decay factor e−γ|x2−x1|/vg (|x2 − x1| is the spatial distance between two photons).
In the frequency domain, the energy of two photons are anti-correlated with a fixed total
energy, and the frequency distribution of each photon obeys a Lorentzian form. Intuitively,
these salient features of a photonic dimer are a good match with the requirements of TPE
process, as the two-photons are more likely to arrive at the fluorophore simultaneously due
to the bunching correlation, and when one photon is sitting in one transition band, the other
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photon will automatically fit the other transition if the total energy of a photonic dimer is
on resonance with the fluorophore. Thus a photonic dimer is a promising source for efficient
TPE.
Although a photonic bound state mathematically has an infinitely large spatial extension,
its existence in a practical system always has a finite wavepacket size, usually determined
by the Gaussian modulation of the initial input wavepacket. Quantitatively, the wavepacket
can be described by the following form:












where γ denotes the bunching factor. µ denotes the total frequency of two photons, and it
equals the total transition frequency from |g⟩ to |e⟩ in a TPE system, i.e., µ = 2Ω. N is the
numerical normalization factor. As shown in Fig. 4.2 (b), photon flux of a photonic dimer
distributes along diagonal line x1 = x2 due to the bunching correlation. Two time scale factor
characterizes a photonic dimer waveoacket. Coherence time T ≡ 2σ
vg
describes the spatial
extension, which is determined by the Gaussian modulation, and correlation time τ ≡ 1
2γ
represents the scale of relative time difference of detecting two photons. In the frequency
domain, two-photon spectrum sits reciprocally along the off-diagonal line ω1 + ω2 = 2Ω,
indicating the frequency anti-correlation of two photons. The spread along diagonal line is
due to the finite Gaussian modulation, and can be neglected if its coherence time is long
enough T ≫ τ . By omitting the influence of modulation in the frequency domain, one can
obtain the exact form of the Fourier transform, with x1 and ω1 assumed to be describing the
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first arriving photon:

















γ + i(ω1 − Ω)
δ(ω1 + ω2 − 2Ω), (4.11)
where k1,2 ≡ ω1,2vg . Eq. 4.11 can be decomposed as F (ω1) = N
′/[γ+i(ω1−Ω)] and F (ω2|ω1) =














∣∣∣∣∫ dω2π iN ′Γ(ω − Ω− iγ)[(ω − Ω− δ)2 + Γ2]
∣∣∣∣2 . (4.12)
The strong bunching factor assures a high Pt factor. In the frequency domain, if detuning
δ is large, the probability of ω1 to be on resonance with the first transition frequency is of
an order 1
δ2
. Due to the frequency anti-correlation, ω2 will be definitely on resonance with
the second transition. Thus, it can be found that Pf is dominated by the integral value near
ω ∼ Ω + δ, giving Pf ∝ 1δ2 .
4.3.3 SPDC Photon Pairs
The strong bunching statistics of photonic dimers yields a high Pt factor for TPE. Other
than the photonic dimers, two photons of another commonly discussed photon-photon corre-
lation, namely spontaneous parametric down conversion (SPDC), are also bunched in prox-
imity and are frequency anti-correlated. The SPDC photon pairs are generated from strong
secondorder (χ(2)) optical process in nonlinear optical mediums such as lithium niobate
(LiNbO3). However, different from photonic dimers, the bunching factor of a SPDC photon
53
pair is characterized by a Gaussian decay form, whose wavefunction can be written as:













The coherence time and correlation time of SPDC are defined as T ≡ 2σ
vg
and τ ≡ 2σs
vg
. N ′′
is the normalization factor. In the long pulse approximation (T ≫ τ ), one has F (ω2|ω1) =






























When detuning δ is small, a SPDC photon pair is as efficient as a photonic dimer. How-
ever, for large detuning, the SPDC frequency distribution decays exponentially, resulting
an exponentially small amplitude (∝ e−τ2δ2/4) at the transition resonance (ω ≈ Ω ± δ); it
turns out that the amplitude at the photon center frequency (ω ≈ Ω) dominates, which is
∝ 1/δ2 Consequently, even although the SPDC photon pair is also frequency anti-correlated,
its frequency factor is still not comparable with photonic dimers as Pf ∝ 1/δ4.
4.3.4 Comparison of TPE Efficiency
To compare the influence of photon-photon correlation in TPE, TPE efficiency of typical
cases of different types of input are numerically calculated and simulated. Specifically, four
cases are included: (1) A long laser pulse photon pair with coherence time T = 1ns; (2) an
ultra-short laser pulse photon pair with coherece time T = 200fs; (3) A photonic dimer with
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coherence time T = 1ns and correlation time τ = 50ps; and (4) a SPDC photon pair with
coherence time T = 1ns andτ = 50ps. Also, numerical simulations for small detuning cases
are performed for the validation of TFC model.
Before showing the results, it is pragmatic to first examine the TPE efficiency of current
state of art experiments. In experiments, the TPE efficiency is featured by the two-photon











where Nfluo is the number of absorbed photons. Na is the number of fluorophore molecule.




Np is the number of photons in a pulse, A is the pulse area and T is the pulse duration.
Considering the case for a two-photon pulse incident on a single three-level molecule, the
photon number in a pulse Np = 2 and the fluorophore number Na = 1. Also, since the
excitation of the molecule absorbs two photons and the probability is described by the
excitation efficiency
∫
|ea(t)|2dt, the total number of photons absorbed through the whole
process can be expressed as Nfluo = 2
∫
|ea(t)|2dt. By taking the whole interaction time as

























For example, if we take the pulse duration as a typical value for short pulse T = 200 fs
= 2×10−13 s, and the radius of the pulse area to be the diffraction limit A = πR2 = π(λ/2)2,
then for light with wavelength λ = 800 nm, A = π × (400)2 nm2 ≈ 5 × 10−9 cm2. So that








Figure 4.3: An example absorption diagram shown with respect to incident photon wave-
length (from M. Drobizhev et al, Nature Methods 8, 393–399 (2011)). Red curve is describes
two-photon absorption. Blue curve describes the single-photon absorption (peaked at fre-
quency 2Ω), and its wavelength is multiplied by two, so that the peak corresponds to Ω. The
difference corresponds to ∆peak. y axis are the cross sections for two-photon (left) and single
photon (right) absorption.
Another important parameter of TPE is the value of detuning δ. It can be approximated
via the single- and two-photon absorption diagram of fluorophores. Most fluorophores have
complicated band diagrams. For the excited state for single- and two-photon excitation
that yield the same fluorescence state, their energies are supposed to be similar and can
be considered degenerate with respect to the total transition frequency. By assuming the
intermediate state as an effective fixed state and the TPE absorption as two consecutive
single-photon absorption process, characterized by the Lorentzian excitation spectrum. The
56
absorption population A(ω) should follow:
A(ω) =
Γ2
(ω − Ω− δ)2 + Γ2
Γ2
(ω − Ω + δ)2 + Γ2
=
Γ4
∆4 + 2∆2(δ2 + Γ2) + (δ2 + Γ2)2 − 4δ2∆2
∆ ≡ ω − Ω
=
Γ4
(∆2 − δ2 + Γ2)2 + 4δ2Γ2
(4.17)
For A(ω) to be max, the denominator should reach its minimum. By treating δ and Γ as




|∆peak| ≈ |δ| (4.18)
Here we neglect Γ because there is usually δ ≫ Γ for real fluorophores. An example case
is plotted in Fig. 4.3. The wavelength corresponds to Ω is the shown as the wavelength of
single-photon absorption peak multiplied by two (blue line). The deviation of the frequency
corresponds to two peaks gives the detuning δ. From several experimental results, it is found
that the effective intermediate state has a detuning δ approximately in 10−13 ∼ 10−15 Hz.
In Fig. 4.4, the TPE efficiency of all four cases are plotted for comparison, assuming an
fluorophore spontaneous decay rate of1/Γ = 100 ps. Fig. 4.4(a) shows the simulation results
of excitation efficiency, obtained by directly evolving Schr¨odinger equation. Numerically,
it is found that, up to δ ≃ 4Γ (small detuning limit), the excitation efficiency of the dimer
outperforms that of the short and the long pulses. As the detuning is much less than the
frequency bandwidth of the short pulse (< 1.6%), the excitation efficiency by a short pulse
57



















































(units of    )
0
SPDC
Figure 4.4: Excitation efficiency. (a) Numerical results (marks on the curves) of the
excitation efficiency for various excitation schemes at the small-detuning regime. (b) Exci-
tation efficiency from the time-frequency conjugate model (solid curves). The shaded area
represents the range of the efficiency of three fluorophores (proteins EGFP and DSRed2, and
quantum dot g-C3N4) estimated from experimental data. The dashed curve is the result of
the semiclassical second order perturbation.
remains constant in Fig. 4.4(a). The excitation efficiency of the photonic dimer and the
long pulse, however, decreases gradually. For large frequency detuning, as is the case for
typical fluorescence molecules (δ ≃ 104Γ), the excitation efficiency for all schemes becomes
exponentially small and an accurate numerical computation of the efficiency is extremely
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challenging. The unknown constants κ, N ′ and N ′′ are fixed by equating to the rigorous
numerical results at only one point at δ = 0. The excitation efficiencies given by the numerical
results and by the TFC model agree well throughout the small detuning limit range. The
efficiency for the 1 ns long pulse decreases rapidly at around δ ≃ 10Γ, while the efficiency for
the 200 fs short pulse eventually degrades at around δ ≃ 103Γ. In the figure, the efficiency of
three representative fluorophores (proteins EGFP and DSRed2, and quantum dot g-C3N4)
are estimated from available experiments [16, 71] via the aforementioned relation between
the two-photon cross-section σ2p and the excitation efficiency. At δ ≃ 104Γ, the dimers
provide 3 orders of magnitude improvement in the excitation efficiency. We note that these
fluorophores are off-resonance with a large intermediate frequency detuning δτ ≃ 5 × 103,
which is beyond the applicability of the calculations in Ref. [26] that assumes the limit
δτ ≪ 1. In Fig. 4.4 (b), we also provide the results using the semi-classical single-frequency
second-order perturbation method (dashed curve). We also found numerically that the
excitation efficiency by the photonic dimers can be further increased when the correlation
time τ decreases when δ is large.
For a pulse containing N photon pairs, by assuming that each pair interacts with the molecule
independently, the total excitation efficiency PN is given by a simple probabilistic model as
PN = 1−(1−P )N , where P =
∫
|ea(t)|2dt is the single pair excitation efficiency. For a typical
pulse containing N = 109 ∼ 1013 photon pairs, since P is . 10−13 for short pulse or SPDC
light, PN ≈ NP , i.e., the well-known TPE linear intensity dependence is recovered [68, 26].
However, when P is enhanced to & 10−10 as is in the case for the dimer, PN ≈ 1 − e−NP ,
which deviates from the linear intensity dependence.
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4.4 Summary
In this section, we show that in TPE, such nonlinear multi-photon process can be very dif-
ferent due to the photon-photon correlation. Specifically, the bunching correlation and the
frequency anti-correlation of a photonic dimer enables an efficient TPE rate to orders of
magnitude higher compared to uncorrelated photons from a regular laser pulse. In macro-
scopic picture, such improvement produced by the photonic dimers fundamentally change
the dependence of TPE cross-section on light intensity. It potentially enables deep tissue and
deep brain imaging to centimeter level, which is vital for research on brain functionalities.
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Chapter 5
Generation of Photonic Dimers
5.1 Introduction
The previous section has illustrated that a photonic dimer is capable of significantly im-
proving TPE efficiency. Not limited to TPE process, it has been shown photonic dimers are
advantageous in various quantum nanophotonic applications. For example, using a photonic
dimer in a deterministic nonlinear two-photon phase gate yields a near-perfect fidelity, where
as the independent photon pairs reach about 80% fidelity at maximum. However, despite
the promising improvement for those quantum nanophotonic systems, photonic dimers are
still far from a stage to replace the current independent photon sources due to challenge
in generating a stable photonic dimer source. The generation of independent photons re-
lies simply on lasers, and even the techniques to produce femtosecond pulses are mature
by exploiting phase locking. In principle, creating nonlinear correlations between individual
are challenging because of the lack of direct interactive force [25, 34, 40]. Generation of
correlated photon pairs requires the assistance of medium materials, while the overall non-
linearity is feeble for most nonlinear mediums. Thus, before that the photonic dimers can be
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a prevailing ingredient in nanophotonic devices, an effective and stable source that outputs
a vast amount of dimers is necessary.
Since photonic bound states are an important eigenstate in two-photon scattering throughout
a two-level quantum emitter, the naive strategy is to explore a photonic bound state output
in the after-scattering wavepacket by injecting independent photons to the quantum emitter.
The strong light-matter interaction allows the atoms or artificial quantum emitters to be the
intermediary that successfully correlates photons [2, 23, 35, 36, 41]. As it has been shown
in our previous work, the nonlinear interaction indeed introduces correlation to the output
wavepacket and a bunching component can be clearly observed in the final state. Such
generation method of a photonic dimer has been predicted [10, 14, 59], which has been
verified by both simulations and experiments [5, 9, 18, 31].
On the hand, the salient features of an exponential bunching correlation and a fixed total
energy makes photonic dimers excellent match for TPE. For the temporally reverse process,
it is reasonable to expect a similarity between the spontaneously emitted photon pair and a
photonic dimer of an initially excited two-photon transition quantum emitter. Inspired by
lasers, which constantly emit independent photons following a Poisson distribution statis-
tics, a proposal of utilizing a two-photon transition medium to generate a constant output
of photonic dimers will be discussed here. For independent photon lasers, by energizing the
gain mediums atoms far above the threshold of population inversion with external pumping
source, the atoms undergo an oscillation and constantly emit light into the cavity via stim-
ulated emission. The coupled out light after being amplified by the cavity attains strong
coherence, forming a narrow beam through long distance with sustained phase correlation
and monochromatic spectrum. These advantages make lasers the most widely used light
source for almost all quantum nanophotonic applications. Thus, to mimic lasers, a stable
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source that generates the “coherence” of photonic dimers is highly desirable for the imple-
mentation of many applications involving quantum nonlinearity.
5.2 Generation of Photonic Dimers Via Two-photon
Scattering
When a photon interacts with a two-level atom at the ground state in a low dissipation
environment, it will be totally reflected when the photon is on resonance with the transi-
tion band. While the atom is at its excited state, the incident photon expels the stored
photon via stimulated emission, and the expelled photon travels together with the incident
photon. Thus, in two-photon scattering, if the separation of photons are larger than the
spontaneous emission lifetime, both photons are likely to be reflected. If they locate within
the spontaneous lifetime, two-photons will be both transmitted. The two-photon transmis-
sion probability exponentially decays at a spontaneous emission rate, indicating a photonic
dimer in the output. Such difference depending on the relative position of photons are the
essential physics of quantum nonlinearity. Based on this mechanism, a photonic dimer can
be obtained at the transmission port by launching two independent photons to a ground
























gag + (Ωe +∆a − iγa)a†eae, (5.1)
where V is the coupling strength and Γ ≡ V 2/vg gives the spontaneous emission rate of
the atom. Decoherence rate ∆a and dissipation rate γa are simply neglected by assuming
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a strong coupling regime for convenience. We note that for a dissipative system, not only
the generation efficiency is decreased, but also the output correlation may be altered. The










































where eL,R(x, t) denotes the amplitude of the state where the atom is excited and the photon
is at position x and is propagating to the left/right direction. For two-photon incidence,












ϕRL(x1, x2, 0) =0
ϕLR(x1, x2, 0) =0
ϕLL(x1, x2, 0) =0
eL,R(x, 0) =0 (5.3)
After long enough time, the after-scattering wavepacket is shown in Fig. 5.1(b). The
wavepackets in four quadrants correspond to four states:x1 > 0, x2 > 0 → ϕRR(x1, x2, t →
∞); x1 > 0, x2 < 0 → ϕRL(x1, x2, t → ∞); x1 < 0, x2 > 0 → ϕLR(x1, x2, t → ∞); and
x1 < 0, x2 < 0 → ϕLL(x1, x2, t →). We note that other than the corresponding quadrant,
flux of each component state is zero. Fig. 5.1 (b) is an example result from an incident
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wavepacket of T = 10τ0 (τ0 =
1
Γ
). Apparently, In the RR branch, the density is more pro-
nounced along x1 = x2, indicating that the two output photons are highly bunched and are

































Figure 5.1: Generation of photonic dimers via scattering. (a) Generation via a two-
photon Gaussian Fock state interacting with a ground-state QD. (b) Two-photon probability
density after scattering for T = 10τ0. The transmitted (reflected) photons exhibit bunching
(anti-bunching) statistics. (c) Total generation efficiency ξt (black curve, left axis) and
forward generation efficiency ξf (red curve, right axis) of approach (a). (d) Generation via
stimulated emission: A resonant Gaussian photon ϕin(x) = (1/2πσ
2)1/4e−(x−x0)
2/4σ2eiΩx is
incident on an excited QD. (e) Two-photon probability density after scattering for T = 0.6τ0.
(f) Generation efficiencies of approach (d).























|ϕ(t → ∞)⟩RR =
∫∫
dx1dx2ϕRR(x1, x2, t → ∞)c†R(x1)c
†
R(x2)|∅⟩. (5.6)
|Bmu⟩ is the expression of an infinitely long photonic bound state characterized by total
frequency µ and a bunching factor γ. Here we select γ = Γ. |ϕ(t → ∞)⟩RR is the scattering
two-photon wavefunction in the forward RR branch. Such forward efficiency ξf gives the
proportion of photonic dimer in the forward scattering two-photon wavepacket. Similarly, a
metric called total efficiency is defined to characterize the proportion of generated photonic




⟨Ψ(t → ∞)|Ψ(t → ∞)⟩
. (5.7)
We note that here the numerator is mathematically identical to the numerator of forward
efficiency because that denotes the absolute weight of photonic dimer component in the
transmitted wavepacket. The denominator equals the total flux in all four quadrants since
the atom has been fully relaxed to ground state after long enough time. If the system has
no dissipation, the denominator is usually a constant of 1 as long as that the quantum
state is normalized. For incident wavepackets of different coherence time T , the efficiency of
generating photonic dimers definitely varies. Fig. 5.1(c) plots the forward and total efficiency
for different T . As anticipated, for long coherence time, the forward generation efficiency
(red curve) can reach nearly 100%, indicating that in the RR branch, the output state is
essentially a photonic dimer. However, since most photon flux is reflected back to the input
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port, the total efficiency (black curve) for a near 100% dimer in the output is less than 10%.
Generally, the best total efficiency is at a maximum of approximately 37%.
Nonetheless, since the photonic dimer is generated by the stimulated emission process in two-
photon scattering, one other approach is directly exploiting stimulated emission to produce
photonic dimers in the forward transmitted wavepacket. As shown in Fig. 5.1(d), a single-
















ϕRR,RL,LR,LL(x1, x2, 0) =0
eL(x, 0) =0 (5.8)
That is, at time t = 0, a Gaussian single-photon wavepacket centered at x0 is propagating
to the right into the atom, which is set at the excited state. Along with the propagation and
interaction process, the atom is also undergoing spontaneous emission if the incident photon
has not invoke stimulated emission yet. We note that to avoid that a total spontaneous decay
of the atom before the photon arrives, x0 is set to be −3.3σ. An example after-scattering
wavepacket is shown in Fig. 5.1 (e) for T = 0.6τ0. Two efficiency measurements are scanned
and plotted in Fig. 5.1 (f) for different coherence time of input wavepacket in stimulated
emission. The maximum of the forward efficiency reaches 71% when T = 0.6τ0. The total
efficiency has a maximum of 35% when T = 0.36τ0. That is, for one unit input energy, we
can obtain a maximum of 0.35 units energy coming out as photonic dimer.
Such scattering method is capable of generating photonic diemrs at a total efficiency ap-
proximately 30%. However, the schematics allow only one dimer output for each incidence.
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To obtain a large number of dimers, an large ensemble of two-level emitters are required.
However, the mutual interaction between all the quantum emitters are hard to analyze. Also,
although the state of the generated light should contain many photonic dimers, its wave-
function is chaotic and calculating the coherence information of these dimers is extremely
challenging. Thus, it is preferable to explore the possibility of generating a stable source of
dimers with clear coherence information would benefit the applications based on photonic
dimers.
5.3 Condensation Limit of Photonic Dimers
For discussion of a stable and coherent output source of photonic dimers, it is convenient to
reemphasize some physical properties of photonic dimers and establish a set of simple and
clear representations.
5.3.1 Creation/Annihilation Operators of Photonic Dimers
In second quantization representation of quantum optics, Fock states (number state of pho-
tons) are denoted by the creation operators. Coherent state of laser output is characterized
by a superposition of Fock states. To mimic the physics of independent photon coherent
states, it is convenient to establish a set of collective representations of a photonic dimer.














The wavefunction in Eq. 5.9 is composed of two parts, the relative two-photon wavefunction
of a bunching behavior e
− Γ
vg




(x1+x2). The factor Γ is the two-photon bunching strength, which determines the general
distance between the two photons, i.e. the spread of the two-photon relative wavefunction.
µ denotes the total frequency of two photons, providing a plane-wave like phase with respect
to the center of the photon pair. vg is the group velocity and the system is assumed to have
linear dispersion relation everywhere. a†x(x) is the creation operator of a single-photon at
location x, following a basic bosonic commutation relation [ax(x), a
†
x(x
′)] = δ(x−x′) with its
adjoint annihilation operator ax(x). |∅⟩ is the vacuum state. We note that the dimer state



























with x = (x1 + x2)/2 denoting the center of two photons and xd = x1 − x2 denotes the
relative position of two photons. Eq. 5.10a only explicitly indicates the plane-wave physics
of two-phootn center of mass, while the creation operator b†x(x) summarizes the exponentially
decay two-photon relative wavefunction in its definition in Eq. 5.10b.
To further explore the interesting properties in the reciprocal frequency space, photons can





















So that the expression of a photonic bound state in the frequency representation is given in
the following, with the definition of the compact creation operator of the bound state mode











− ω)2 + Γ2
a†(ω)a†(µ− ω). (5.12b)
The two creation operators in Eq. 5.12b illustrate one salient feature of the photonic dimer,
the two-photon frequency anti-correlation. The summation of two-photon’s frequency always
equal to a fixed value of µ. By measuring frequency of one photon automatically yield the
frequency of the other one. For each individual photon, its spectrum follows a Lorentzian
distribution.
The creation operator of a photonic dimer provides an elementary tool for discussing photonic
dimer statistics and its generation by compactly treating two photons as an entity. However,
as shown in Fig, 5.2, a weakly bounded photonic dimer has an non-negligible spread of relative
wavefunction around its center, thus two non-collocated dimers can overlap with each other.
Consequently, the quantum dynamics driven by such photonic dimers is a highly complicated
mixture of both correlated photon pairs from one dimer and independent photons from
different dimers, resulting in a dramatically weakened quantum nonlinearity. Such an overlap



























whereas the first δ(x− x′) term gives the ideal bosonic nature of photonic dimers while the
rest terms are raised from the non-zero overlap of the relative wavefunctions. The overlap
of the relative wavefunctions of two neighboring photonic dimers is significant when the
bunching factor Γ is small (Γ . vg/|x − x′|). With the increasing bunching factor, the
dimer correlation time becomes smaller and the relative wavefunction overlaps less with the
neighboring dimers. When Γ further increases, eventually the relative wavefunction reduces
to a sufficiently small size and the overlap is negligible compared to average distance between
dimers. The two photons in a dimer are grouped together and can be approximated as one
compact “particle”, and each “particle” is independent with its neighboring ones. When
a physical system is driven by such compact particles, the quantum emitters are ensured
to interact with a pair of strongly entangled photons at one time to create the strongest
nonlinear quantum effects, with the probability of receiving two uncorrelated photons from
different dimers negligibly small. In this scenario, each photonic dimer fully stimulates
its advantage in creating quantum nonlinearity, and it is more applicable to amplify such
advantage by increasing the number of photonic dimers since the disruption by the photon
wavefunction from neighboring dimers is reduced to a minimum. Thus, the case where the
bunched two photons can be treated as one particle under the strong bunching condition,
namely photon condensation limit, should be a focus in the discussion of a photonic dimer
source for nonlinear quantum applications.
5.3.2 Condensation Limit
Under the approximation of condensation limit, the bunching factor is treated as an infinitely
large value Γ → ∞. The relative distance between two photons in a dimer can be neglected





Figure 5.2: The space overlap of three photonic dimer relative wavefunctions. When bunch-
ing factor Γ is not sufficiently large compared to average distance between photons, the
overlap of relative wavefunctions is significant. With increasing Γ, such overlaps gradually
decrease, and eventually disappear at condensation limit when Γ → ∞. The two strictly
collocated photons now behave like a grouped giant particle.














































/vg = δx(x) (5.15)
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=δ(x− x′)[1 + 2
∆ω
a†x(x)ax(x)]. (5.17)
When applied on state wavefunctions, the second term becomes negligible due to the in-
finitely large denominator under condensation limit. Thus the remaining δ(x−x′) manifests
the bosonic nature of the photonic dimers as an entity. Such bosonic nature is in consistence
with the normalization of photonic bound states ⟨Bµ|Bµ′⟩ = δ(µ − µ′), which can be easily
proved.
So far the spatial correlation of a photonic dimer has been illustrated by its strongly bunching
wavefunction in the space representation. In the photonic condensation limit, the infinitely
strong bunching factor Γ also yields the reduced form of dimer creation operator in frequency














[a†(µ′ − µ+ ω)a(ω)
+ a†(µ′ − ω)a(µ− ω)]. (5.18b)
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Similarly, the infinitely large normalization factor ∆ω reduces the second term to zero and
the commutator becomes [b(µ), b†(µ′)] = δ(µ− µ′) in the photonic condensation limit.
In this section we consider a photonic dimer as an entity and defined the corresponding op-
erators, which encode the strong correlation between two entangled photons into the relative
wavefunction. For multiple photonic dimers, the overlap of the relative wavefunctions yields
subtle quantum nonlinear features in waveguide-QED systems. However, when twophotons
in a photonic dimer has an overwhelming bunching strength such that the relative wave-
function becomes negligible in space domain, the two-photon pair manifests strong bosonic
nature compactly as an entity.
5.4 Coherent State of Photonic Dimers
As the minimum uncertainty state for quantized electromagnetic field, coherent state depicts
the photon statistics for light generated from a laser source. The harmonic oscillator like
source yields photons of a certain frequency ruled by a Poisson distribution. Given the
creation operator of a photon with specific frequency ω and a parameter of average photon
















where |n⟩ is the Fock state of photon at energy ~ω. a†ω is the second quantized generation
operator for photon frequency ω, with commutator [aω, a
†
ω′ ] = δω,ω′ (Kronecker delta func-
tion). We note that for the convenience of discussion, we rewrite the Fock state with respect
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to the continuous distribution of photon frequency using operator a(ω), with commutator











|n− 1(ω)⟩, for n ≥ 1 (5.20c)
(5.20d)
Similarly, ∆x denotes the normalization factor ∆x ≡
∫
dxeiωx/vg/(2πvg)|ω=0. Based on the







Due to the bosonic nature of photonic dimers under condensation limit, the following rela-
tions remains valid for the definition of photonic dimer number states:






|nd − 1(µ)⟩ (5.22b)
Here we note that although the definition of photonic dimer in Eq. 5.21 always exists, the
relations in Eqs. 5.22 are valid only under condensation limit. Only when the two photons
in a photon dimer are infinitely close to each other, i.e., zero correlation time, the relative
wavefunctions of two photonic dimers at different center positions do not overlap and their
operators strictly have Dirac delta commutator. For the following discussion in this section,
condensation limit is assumed to be valid.
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With the definition of photonic dimer number states, the photon statistical properties, i.e.,
the photon counting measurement and the second order correlation measurement, can be
discussed. For the photon counting, an ideal photo detector with sufficiently wide bandwidth
and infinitely high sensitivity is assumed to be exploited. The first order photon counting




















Within our expectation, the number state of photonic dimers yields a photon count of 2nd,
twice the number of dimers.
When we apply coincidence measurement to a light pulse containing multiple photonic
dimers, the result correlation curve records the probability of detecting a second photon
relatively to a first arriving photon at the photodetector. Intuitively, the strong bunching
nature of photonic dimers and the independence between different dimers should yield a with
an intense peak near relative distance between detected photons d = 0, or even a Dirac delta



















































4δ(x− xi)δ(x+ d− xj)a†x(x1)a†x(x1)...a†(xnd)a†(xnd)
)
|∅⟩. (5.24)
where d denotes the relative distance between two detected photons. The first term in the
parenthesis above denotes that the two detected photons are from a common photonic dimer.






































































The other term in Eq. 5.24 denotes the case where the two register photons are from different





























































Clearly, the result in Eq. 5.26 is an infinitesimal value compared to that in Eq. 5.25. Because
different photonic dimers are uncorrelated, the probability of detecting two photons from two
dimers is uniform throughout the entire space, giving a value of 1/∆x, while the probability
of detecting two photons together is extremely high as a peak due to the strong bunching
nature that two photons always register the photodetector simultaneously when a photonic
dimer arrives at it. We note that the results in Eq. 5.25 and Eq. 5.26 will be slightly different
by a normalization factor 1
∆x
for nd = 1 and nd = 2, respectively. It is due to the definition
that vacuum normalizes to 1, while the physics is the same as the probability of detecting
two photons from different dimers is zero or a higher order infinitesimal value.
The second order correlation is dominantly featured by a Dirac delta function, noting that
the possibility of detecting two photon at an exact same position is extremely high, while the
cases of detecting a second photon at a random other position becomes uniform but negligibly
small. Such an intense peak at d = 0 clearly attributes to the ultimately strong bunching of
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a photonic dimer under condensation limit. The probability of detecting two photons from
different dimers is entirely random over the whole space due to the independence between
different dimers, so that the value of second order correlation other than d = 0 becomes an
infinitesimal constant.
With the definition of photonic dimer number states, together with their statistical proper-










which is characterized by a complex parameter β. By measuring the statistics of the photonic











Similar as coherent state for independent photons, here 2|β|2 gives the average photon num-
ber of photonic dimer coherent state. This state gives a Poisson distribution of photonic
dimers and has ultimately strong bunching phenomenon. Since photonic dimers acts like
independent boson particles under such coherent state, intuitively it should be essential in
the physics of a laser source that continuously generates bunched photon pairs.
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5.5 Anti-semi-classical Representation for Lasing Atoms
In the previous section, coherent state of photonic dimers is defined and its first and second
order measurement results are calculated. However, to analyze the generation of coher-
ent state is not straightforward since a comprehensive and exact quantum theory of laser
dynamics based on wavefunction representation has not been well-established yet. Here,
to characterize the dynamics of a lasing atom, an anti-semi-classical method is applied to
approximate the behavior of atoms.
In a laser, the gain medium atoms are pumped by an external potential far above the
population inversion threshold. After long enough pumping time, the system reaches a steady
state where the atoms constantly interact with the cavity photons and sustains stimulated
emission to generate the output monochromatic light in a coherent state. To extract the
essential physics of such process, we consider the pumped material as a two-level atom,
which interacts with cavity photons. The following Hamiltonian and the general state rule
the system dynamics in the interaction picture:








where g denotes the atom-cavity interact strength, and a(†) is the annihilation (creation)
operator of the cavity mode photon. The frequencies ω and Ω are the cavity mode frequency
and the atom transition frequency, respectively. |+⟩ and |−⟩ denote the excited and ground
state of the atom respectively. We note that the Hamiltonian in Eq. 5.29 depicts only the
interaction between the cavity and the atom, and the releasing of light out of the cavity,
which is usually denoted by a phenomenological decay factor in density matrix approaches, is
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not necessarily relevant here and will be included in the later discussion. By safely assuming















with complex coefficients Bn,1, Bn,2, Cn,1 and Cn,2. To focus on the physics of photons, the
dynamics of the atom is averaged out throughout the state. Thus the reduced Hamiltonian
on the photon state Hilbert space follows:










Under the resonance condition, the oscillation term e±i(ω−Ω)t vanishes and the coefficients

























For strongly pumped radiation materials, the photon number in the highly degenerate lasing
cavity mode should sustain a very large value (average photon number n is usually of a level
∼ 109). Such that only the state coefficients Bn,1(2) and Cn,1(2) for large n are significant














n+1)gt oscillates at an extremely fast pace and averages out to
be zero under rotating wave approximation. The essential physics of Eq. 5.32 now reduces
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B∗n,2Cn,2), which implies the rate of photon number variation with the change of atomic states.
The physics focusing on the photon number inside the cavity can now be described by:
Vp(t) =~(χaei(ω−Ω)t + χ∗a†e−i(ω−Ω)t). (5.34)
This Hamiltonian rules the photon dynamics of a lasing mode cavity with the emitting
material atoms parameterized as the coupling constant. Implied by Eq. 5.34, the averaged
out behavior of the strongly pumped atoms under steady state mimics classical oscillating
dipoles, namely anti-semiclassical Hamiltonian. When the cavity is coupled to a continuous
mode space, a coherent mode at the cavity resonance frequency will be generated as shown
in the following. This coherent state creates the laser light as the output.
5.6 Lasing by Anti-semi-classical Picture
5.6.1 Schematics
The fundamental schematics of a laser consists of a cavity coupled to an output channel, and
a gain medium undergoes continuous stimulated emission. Essentially, the highly degenerate
cavity mode exchange photons with the continuous modes in the output channel, creating




Figure 5.3: The schematics of the essential physics in a laser cavity. The gain medium atoms
are two level systems with transition frequency Ω, absorbing/releasing photons from/into a
resonant single mode cavity with a coupling strength χ. The cavity interchanges photons
with output channel (or free space) with a rate of V . The output channel is considered to
support infinitely many modes.
in Fig. 5.3, and the system Hamiltonian can be written as:





dω~[V c(ω)a† + V ∗c†(ω)a] (5.35b)
HI =~[χeiΩta+ χ∗e−iΩta†], (5.35c)
where H0 denotes the passive part of system, including only the energy of cavity photons
and output space photons, together with the photon exchange between the cavity and out-
put space. HI describes the absorption and emission process of the highly-pumped gain
medium atoms in the anti-semi-classical picture. In this Hamiltonian, a(†) is the annihilation
(creation) operator of the cavity mode, with mode frequency ωc. The output channel here
is treated simply as free space, with mode annihilation (creation) operator of frequency ω
defined as c(†)(ω). Coupling strength constant V denotes the rate of photon exchange be-
tween the cavity mode and the free space modes. χ denotes the emission and absorption rate
of photons inside the cavity and Ω represents the transition frequency of the gain medium
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atom. The cavity is set to be on resonance with the atoms inside, so that we simply have
ωc = Ω.
5.6.2 Hamiltonian Diagonalization
Regardless of the change of photon number caused by the gain medium atoms, the coupling
between the cavity mode and the free space modes exchanges photons between them. Any
photon emitted into the cavity results in a superposition of both cavity mode and free space
modes. Thus, it is mathematically convenient to express H0 with respect to such essential
superposition state of photon, such that H0 becomes diagonalized with concealed coupling
between the cavity and free space incorporated inside the formula of the state. To proceed,







where αi(ω) and ξi(ω, η) are generalized superposition coefficients of the cavity and the free
space modes. After diagonalization, Ai(ω), the annihilation operator of each eigenstate,
obeys the commutation relations:




′)] =δ(ω − ω′) (5.37b)
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By exploiting the relations in Eqs.5.37, the coefficients αi(ω) and ξi(ω, η) can be determined:
αi(ω) =
|V |
ω − ωc + iπ|V |2
(5.38a)






αi(ω)δ(ω − η), (5.38b)
where P denotes the Cauchy principal integral. Therefore the expression of Ai(ω) can be
determined. On the other hand, since the photons are injected to the system from the
pumped atom into the cavity. It is necessary to find the evolution from the cavity mode to











However, since Eq. 5.40 also equals:
[a,A†i (ω)] =αi(ω)[a, a
†] +
∫
dηξ∗i (ω, η)[a, c
†(η)]
=αi(ω) (5.41)





Here we note that [a, c†(η)] = 0. Eq. 5.42 establishes the fundamental link between the
photon generated inside the cavity and the eventual state involving the output into the free
space.
5.6.3 Generation of Coherent State
By introducing the diagonalized Hamiltonian and the corresponding relations of operators in
the comprehensive Hamiltonian, in the following it can be shown that highly pumped gain
medium atoms result in a coherent state in the output free space. When the gain medium
atoms are pumped far above threshold, as proved previously, they behaves like oscillating
dipoles and are characterized by anti-semiclassical representations in the interaction picture.
To investigate the consequent system dynamics, the interaction between the cavity and free



























(ω − ωc)2 + π2|V |2
a+
(ω − ωc)V













The Hamiltonian given in Eq. 5.43 governs the system dynamics of a laser cavity containing
pumped gain medium. After long enough time (t → ∞), the system should attain a steady
state, which can be resolved by calculating the system evolution operator U(t) at long enough
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(ω − ωc)2 + π2|V |4
a+
(ω − ωc)V

























The terms in Eq.5.45 corresponds to the cavity mode, the output free space mode at cavity
resonance, the essential dissipation of photons into all other free space modes, and the
complex conjugate, respectively. We note that for the coupled out free space photon mode
with frequency ωc, the exponential term of the evolution is characterized by − χV ∗ c(ωc) +
χ
V
c†(ωc). When the system evolution applied on a vacuum free space state (|∅⟩), the generated




c†(ωc)− χV ∗ c(ωc)|∅⟩, (5.46)
which is a coherent state of average photon number | χ
V
|2.
As it has been shown above, the mechanism of laser can be validly reproduced by the
cavity-free-space coupling schematics and anti-semiclassical representation. The oscillation
of strongly pumped gain medium results in a coherent output state of independence photons
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at the cavity resonance frequency. Following the same strategy, the generation of photonic
dimer coherent state will be investigated under a modified system schematics.





Figure 5.4: The schematics of photonic dimer laser generation. The two-photon transition
process of the gain medium materials is exploited. The atoms oscillated between the ground
and the excited state via a short-lived intermediate state, absorbing/emitting two photons
at a time. The cavity supports multiple modes with sufficiently large bandwidth and small
enough mode intervals.
Highly pumped gain medium atoms constantly emit photons centered at the atom’s tran-
sition frequency, and generate a coherent state output after being intensified by a resonant
cavity. It is reasonable to expect a photonic dimer coherent state output from a similar
system schematics with adjusted physical properties of the gain medium and the cavity.
However, the two photons in a photonic dimer are entangled with frequency anti-correlation
and have a Lorentzian spectrum individually, while the photons of independent photon lasers
are ideally single frequency. Thus the gain medium must not oscillates simply between single-
photon transition excited and ground state, and the resonant cavity should also be adapted
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to intensify light with finite band or even broad band spectrum. Thus, the essential problem
in the designation of a photonic dimer laser is to find a gain medium that constantly emits
photonic dimer pairs. Fortunately, it has been shown that such anti-correlated photon pair is
extraordinarily efficient in exciting the ground state atom to a high energy state with same
parity and a total angular momentum difference ∆J = 0,±2 via a nonlinear two-photon
absorption process. Such a high efficiency is due to the accordance between the physical
properties of a photonic dimer and a two-photon transition process. In a two-photon excita-
tion process, the total energy remains a constant value being equal to the energy difference
of the excited and the ground state. For the two successive absorption process of two pho-
tons via a transient intermediate state, each individual process can be characterized by a
Lorentzian interaction band. Also, since the lifetime of the intermediate state is extremely
short, only photons in close proximity with each other are able to excite the atom. Provi-
dentially, the properties of a photonic dimer satisfy all these requirements. It indicates that
two-photon excitation, together with its inverse emission process, is a promising candidate
for a continuous generation of photonic dimers.
To quantitatively evaluate the physics of a strongly pumped gain medium with only two-
photon absorption/emission allowed, the material is considered as a three-level atom with
ground state, a same parity excited state, and a transient intermediate state. The gain
medium atom is also contained inside a cavity. However, since a photonic dimer has a
Lorentzian spectrum, here instead of a single mode cavity, we select a multi-mode cavity
to support sufficiently many modes around the center frequency of a photon (equal to half
of the total transition frequency of the atom) for the confinement of the material and the
intensification of light before it is coupled to the free-space output. The schematics of the
system is briefly depicted in Fig. 5.4. The transition frequency from ground state to excited
equals to 2Ω. The transient intermediate state locates at the middle of the energy diagram,
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with a large spontaneous decay rate denoted by Γ. Similar as the independent coherent
state generation schematics, under the strong pumping from external energy source, the
atom is described by anti-semiclassical picture, whose consequent interacting strength with
the cavity modes denoted as χ. The light in the cavity modes can be eventually coupled out



























Since the cavity supports multiple modes, ϵ is used to denote the bandwidth of the cavity
around the center frequency ωc of our interest, which here simply equals to Ω, half of the atom
transition frequency. Here we assume that the mode separation of the multi-mode cavity is
negligible compared to the bandwidth of photon (proportional to Γ, will be shown in the
following). Therefore it is safe to consider the supported cavity modes as a continuum, with
annihilation (creation) operator a(†)(ω). c(†)(ω) is the annihilation (creation) operator of free
space modes and V is the complex coupling strength with the cavity near the frequency of
interest.
To add strongly pumped gain medium atoms into the system, anti-semiclassical picture is
also used to characterize the continuous interaction between photon cavity modes and a
two-photon transition atom. Nonetheless, we note that since the two-photon transition is
accomplished by a transient intermediate state, a finite lifetime of the intermediate state, and
a relative phase retardation between two photons must be taken into account in addition to
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the essential oscillation dipole behavior of the atom. To quantify such phase retardation, the
anti-semiclassical representation is adjusted to include the lifetime of the intermediate state.
Here Γ denotes the spontaneous decay rate of the transient intermediate state, corresponding
to a lifetime of 1/Γ. For a two-photon absorption/emission completed at time t, the absorp-
tion/emission of the first photon, whose frequency is ω2, has a chance to occur time ∆t ahead
of it with an exponentially decreasing probability of e−Γ∆t due to the finite lifetime of the in-
termediate state. Compared to a process where two-photon are absorbed/emitted exactly at
the same time, this retardation of two photons induces a phase difference equal to ei(ω2−Ω)∆t.
Together with the Hermitian conjugate term of the time reversal process, Eq. 5.47b illustrate
the interaction between the gain medium atom and cavity mode photons.
5.7.2 Diagonalization of Hamiltonian
Following the same strategy, we focus on the system without the gain medium first. To





with the constraints on eigenstate operator A(ω):
[A(ω), H] =~ωA(ω) (5.49a)[
A(ω), A†(ω′)
]
=δ(ω − ω′). (5.49b)
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where α(ω, ω′) and ξ(ω, η) denotes the coefficients for modes in the cavity and the free








dω′~V α(ω, ω′) =~ωξ(ω, η), (5.51b)
which establishes the fundamental relations between coefficients. To derive the expression
of the diaganolized Hamiltonian, one should solve the equations by combining the relations
in Eqs. 5.51 and the commutator in Eq. 5.49b.
Since the cavity has finite bandwidth (ωc−ϵ, ωc+ϵ), coefficients α(ω, ω′) and ξ(ω, η) should be
very different for photon frequency ω inside or outside the cavity bandwidth. We first focus
on the eigenfrequency ω within the cavity bandwidth. Before conducting direct calculations,
we note that for a single photon with energy ~ω, when it is inside the cavity, its wavefunction
in the frequency domain should prominently lie on frequency ω, that is, its cavity mode
components are dominated by mode characterized by a(ω). Thus, it is physically valid to
approximate
α(ω, ω′) = α(ω)δ(ω − ω′) (5.52)
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for the convenience of calculation without obscuring the essential physics. Such that Eqs. 5.51
generate:
∫
dηV ∗ξ(ω, η) =α(ω)(ω − ω′)δ(ω − ω′) = 0 (5.53a)
ξ(ω, η) =P V
ω − η
α(ω) +X(ω)δ(ω − η), (5.53b)
where one can straightforwardly find X(ω) = 0 from
∫
dηξ(ω − η) = 0. To solve for the






















) + π2δ(X − Y )δ(X − Z), (5.55)




=|α(ω)|2δ(ω − ω) +
∫
dηπ2δ(η − ω)δ(η − ω)|V |2α(ω)α∗(ω)
=(1 + π2|V |2)|α(ω)|2δ(ω − ω). (5.56)
Apparently, α(ω) is a complex constant not dependent on ω. Without loss of generality, we
let the solution be α(ω) = 1
1+iπV
. Thus, for frequency inside the bandwidth of the cavity,










c(η), ω ∈ (ωc − ϵ, ωc + ϵ) (5.57)
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The calculation of the diagonalized state A(ω) for ω outside the cavity band starts from the
general form Eqs. 5.51 under the condition that ω is not in (ωc − ϵ, ωc + ϵ):












The solution of ξ(ω, η) that satisfies Eq. 5.58 should obey a form of:





dη′ξ(ω, η′) + Z(ω)δ(ω − η) (5.59)
The integral of the both sides of Eq. 5.59 indicates that Z(ω) =
∫
dηξ(ω, η), and thus
α(ω, ω′) = V Z(ω)









(ω − ω′)(ω − ω′′)



































+ π2δ(η − ω)δ(η − ω)
]
=(1 + π2V 4F 2(ω))|Z(ω)|2δ(ω − ω). (5.60)
Thus, an obvious solution of Z(ω) is:
Z(ω) =
1
1 + iπ2V 2F (ω)
. (5.61)
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(ω − ω′)(1 + iπ|V |2F (ω))
a(ω′) +
1







1 + iπ|V |2F (ω)
c(η), ω /∈ (ωc − ϵ, ωc + ϵ) (5.62)
whit function F (ω) = ln(ω−ωc+ϵ
ω−ωc−ϵ). With the expressions of eigenstate of Hamiltonian H0 in
Eq. 5.57 and Eq. 5.62, the transformation from a generated cavity mode photon into the

















. Due to the orthogonality of the eigenstates of
H0, the following commutator can be straightforwardly derived:
[a(ω), A(ω)] =

m(ω, ω), ω ∈ (ωc − ϵ, ωc + ϵ)
mo(ω, ω), ω /∈ (ωc − ϵ, ωc + ϵ)
(5.64)




δ(ω − ω) (5.65a)
mo(ω, ω) =
V
(ω − ω)(1− iπ|V |2F (ω))
(5.65b)
With the results in Eqs. 5.65, one can calculate the evolution of the system state from
photons generated inside the cavity by the gain medium atoms.
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5.7.3 Generation of Photonic Dimer Coherent State
After being emitted into the multi-mode cavity from highly pumped two-photon transition
gain medium atoms, the photons would eventually enable a free space output state containing
our desired photonic dimer coherent state after long enough time evolution, as will be shown
in the following. The dynamics of the entire system is dominated by the interaction picture




















































The rest terms not explicitly included in Eq. 5.66 are the complex conjugate terms. Physi-
cally, since the whole system is driven by a pumped two-photon transition atom of transition
frequency 2Ω, we note that the photon frequency involved in the system evolution should be
around the center frequency Ω within a scale of the photon bandwidth. Thus, for a cavity
with sufficiently large bandwidth, photons of frequency outside the cavity bandwidth are
rarely generated and are insignificant to the dynamics of the system. That is, to illustrate
the essential physics, we focus only on first term ∝ A(ω1)A(ω2) in Eq. 5.66. The approxi-
mation of Eq. 5.66 with the first term only can also be justified by the value of F (ω). When
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the bandwidth ϵ approaches infinity, any ω outside the cavity band results in |F (ω)| = ∞,
and thus all other terms except the one of A(ω1)A(ω2) in Eq. 5.66 becomes essentially zero.
Similarly, the final steady output state of the cavity system can be obtained by calculating

















[i(ω2 − Ω)− Γ] (1− iπV ∗)2
A(ω1)A(ω2) (5.67)
For simplicity, here we only present the calculation for the first term of A(ω1)A(ω2). The








































To proceed, the time evolution of oscillating phase towards infinitely long-after future is
calculated by the following relations:
∫ ∞
0
dt cosωt =πδ(ω), (5.69a)∫ ∞
0




Next, three cases of different positions of photons are considered separately. The case where
two photons remain in the cavity, corresponding to the term of a(ω1)a(ω2), gives:
Γχ






(ω1 − Ω− iΓ)(ω2 − Ω + iΓ)
−iP 1
ω1 + ω2 − 2Ω
1










ω − Ω + iΓ
a(2Ω− ω)a(ω) (5.70)
Since the cavity bandwidth is assumed to be sufficiently large ϵ → ∞, the integral of range
(ωc − ϵ, ωc + ϵ) can be well approximated by the results from (−∞,∞). Thus, for example,













ω − Ω + iΓ
=(2iπ)
e−iΩt−iΓt
η − Ω + iΓ
− (iπ) e
−iηt










η − Ω + iΓ
, (5.71c)
where contour integral is exploited in the calculation. Such that for one photon inside the
cavity while the other photon coupled to the outside free space, i.e., the a(ω1)c(η) and
a(ω2)c(η
′) terms, the results can be derived:
−πΓχV






ω + η − 2Ω
(
1
η − Ω + iΓ
+
1









(ω − Ω)(η − Ω) + Γ2











Finally, for both photons coupled out of the cavity, the terms featured by c(η)c(η′) yield:
− iπ
2ΓχV 2





(η − Ω− iΓ)(η′ − Ω + iΓ)
+
1
η′ − Ω− iΓ
P 1








(η − Ω)2 + Γ2
c(η)c(2Ω− η)
(5.73)
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π2V 2
















Eq. 5.74 illustrates the eventual steady state of the system including the cavity modes and
the output free-space modes. For all the system states, the free-space modes represents the
final output light. Among them, we note that the last term in Eq. 5.74 matches the definition
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of a photonic dimer annihilation operator of bunching factor Γ defined in Eq. 5.12b. Together













(η − Ω)2 + Γ2
c(η)c(2Ω− η)−H.C. (5.75)
By defining a complex constant β = iπ
3χV 2
(1+π2|V |2)2 , the exponential factor of Eq. 5.75 in the time
evolution operator indicate a component of photonic dimer in the final output state since:
U(t)|∅⟩ ∝ eβb†(2Ω)−β∗b(2Ω)|∅⟩, (5.76)
which is the displacement operator on vacuum, generating a photonic dimer coherent state.
We note that since the annihilation operator of a photonic dimer defined for a continuous
spectrum of two-photon total energy has a dimension of frequency−
1
2 , the factor
√
πΓ serves
simply as the normalization factor and is not explicitly included. The results in Eq. 5.76
proves that by exploiting the two-photon transition process of certain energy levels in the
gain medium atoms, the ultimate photonic state driven by pumping the atoms far above the
threshold contains a notable photonic dimer coherent state in the output channel outside
the cavity. Such a generation scheme reveals the crucial physics of a photonic dimer laser
source.
5.7.4 Generation Under Condensation Limit
In practice, since the life time of the intermediate state is usually extremely short (up to a
level of femtosecond) compared to the time scale of other physical quantities, it is reasonable
to just assume the coupling strength to be infinity Γ → ∞.
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Under such approximation, the phase retardation between two photons involved in a two-











Without the influence of the finite intermediate state lifetime, as it is indicated in the Hamil-
tonian, the two-photons are released/absorbed exactly simultaneously by the atom. Such a
strictly synchronized process, after long enough time evolution, yields a final system state































2Ω− η − η′





Since the infinitely short lifetime of the intermediate state ensures that the the two photons
in a pair are bunched in the exact same position, the generated photonic dimer component












can be decomposed of a complex constant β = iπ
3χV 2
(1+π2|V |2)2 , a normalization factor 2
√
π∆ωvg
and the photonic dimer annihilation operator under condensation limit as defined in Eq. 5.18a.
Also, without explicitly including the normalization factor, the time evolution results in the
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displacement operator of Eq. 5.76, giving the photonic dimer coherent state under conden-
sation limit.
So far, it has been proven that a system schematics similar with independent photon laser
is also capable of producing a coherent state of photonic dimers, the strongly entangled
anti-correlated photon pairs. The essential difference is to exploit a two-photon transition
process of gain medium inside a cavity that supports multiple modes near photon center
frequency. In the output free space, instead of independent photon coherent state, the two-
photon transition gain medium drives coherent state of anti-correlated photon pairs whose
correlation time is determined by the intermediate state lifetime of the gain medium atoms.
5.8 Summary
In this section, the methods of generating photon dimers are discussed. The naive ways of
obtaining photonic dimers from the bound state components in the output of independent
photon scattering and stimulated emission are illustrated. However, such methods can only
produce a single pair of photons each time. Although a large ensemble of two-level systems
can be used to produce multiple photonic dimers at the same time, the distribution of
photonic dimers and their relative phase relations are chaotic. Since it is also very challenging
to fix the input photon number to be exactly one or two, the output is polluted by threeand
more photon states.
Inspired by laser light, a coherent state of photonid dimers should be promising for appli-
cations based on photonic dimers. A set of operators describing photonic dimers as entities
and the coherent state of photonic dimers are defined. When the bunching factor of photonic
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dimers is large enough, a dimer behaves essentially identical with a giant bosonic particle.
Following the schematics of lasers, it is found that the coherent state of photonic dimers can
be obtained by highly pumped atoms as well, by using two-photon transition material as





The mutual interaction between particles make the few-particle dynamics highly nonlinear
and extremely hard to calculate. However, the physics results from these mutual interaction
is essential for many quantum technologies. Our research investigates nontrivial quantum
phenomenons of mutual interaction among atoms, the single-photon superradiance. Also,
on the other hand, the photon-atom interaction due to effective mutual interaction between
photons can also be very different. One interesting phenomenon of two-photon excitation
under different correlations of photons, which is an essential ingredient for in vivo deep tissue
imaging, is discussed in detail.
For single photon superradiance, for the first time, an exact set of conditions is established for
the strongest cooperative spontaneous emission of a spatially distributed atom ensemble in a
1-D waveguide-QED system. Furthermore, superradiance conditions are also investigated for
atoms in a waveguide containing WGM resonators. With numerical simulation, superradiant
state, unidirectional emission state and dark state are first verified directly from its initial
104
excitation wavefunction with full relative phase relation. Using our conditions, it is possible
to design ultra-strong coupling picture for atoms in a complicated quantum waveguide-
QED. Such designated strong coupling has same single-atom response except an ultra-strong
coupling, which enables various applications such as quantum memory, efficient single-photon
frequency comb, and ultra-fast photon processing device. Also, the superradiance conditions
explains the effective coupling and the biased phase in many photon scattering experiments
through an atom cloud.
On the other hand, our investigation of TPE illustrates a new wavefunction-based quanti-
tative evaluation of TPE efficiency, the TFC model. TFC model calculates the excitation
efficiency of current state of the art ultra-short laser pulse’s efficiency in a good accordance
with experimental results. Based on such TFC model, the correlated photon pairs are proven
to yield different TPE efficiencies compared to uncorrelated laser pulses. Specifically, the
photonic dimer, the practical pair of photon in photonic bound state, is discovered to im-
prove the TPE efficiency to orders of magnitude higher. It is critical to make the in vivo
imaging depth from millimeter level to centimeter level, which is promising for ground break-
ing research of brain science. Not only did our work shows the advantageous photonic dimer
in nonlinear photonic process, it also discusses the methods of obtaining a stable coherent
source of photonic dimers, where the number of photonic dimers follows a Poisson distribu-
tion and the relative phase relation between photonic dimer number states is well-defined.
Such a source can fundamentally change the picture of many quantum systems. It is capable
of changing nonlinear quantum photonic applications other than TPE microscopy imaging,
such as a near-perfect fidelity deterministic quantum phase gate.
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6.2 Future Work
Based on single-photon superradiance, the intuitive next step is to investigate the cooperative
atom-light interaction when the involved photon number is large. When photons are in
proximity with each other within the spontaneous decay time of one individual atom, the
nonlinear interaction affected by the stimulated emission can be highly nontrivial and can
invoke interesting physics when the atoms are interfering with each other.
For the aspect of effective mutual photonic interaction, our research presents the coherent
state of dimers, which depicts the quantum information of a vast number of dimers. For
the coherent state of photonic dimers, its macroscopic properties should be essentially dif-
ferent from the monochromatic electromagnetic wave from lasers. Any further discoveries of
its macroscopic properties would be fundamentally ground breaking for nanophotonic sys-




Wavefunction of SPDC Photon Pair
As a well-known type of bunching photon correlation, SPDC is generated from χ(2) process
in nonlinear crystals. Unlike the Lorentzian spectrum of photonic bound state, the SPDC
photons are characterzied by a Gaussian spectrum. Due to the bunching nature and the an
assumption of long enough coherence time, a SPDC photon pair should also have frequency
anti-correlation that the total frequency is a fixed constant. That is, the frequency domain







F (ω2|ω1) =δ(ω1 + ω2 − 2Ω) (A.1)
From the frequency distribution, the corresponding wavefunction in the space domain can














where N ′′ is the normalization factor. We note that since the frequency distribution assumes
an infinitely large coherence time. To obtain a finite space domain wavepacket, a Gaussian
modulation is added. Thus, the wavefunction of a finite size wavepacket is:













The corresponding second-order correlation is:












Breaking Linear Dependency on
Intensity for High TPE Efficiency
We consider a real light pulse, which usually contains 109 ∼ 1013 photon pairs. If one single
photon pair can excite the three-level atom with probability P =
∫
|ea(t)|2dt, N photon
pairs, by treating each pair to interact with the atom independently, can excite the atom
with probability PN = 1 − (1 − P )N . For conventional excitation methods, the excitation







= NP − N(N − 1)
2
P 2 +
N(N − 1)(N − 2)
6
P 3 − ...+ PN
≈ NP
This directly gives a linear dependence of PN on N , and phenomenologically it presents the
linear dependence of TPE on the pulse intensity.
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However, by applying a 2-photon dimer to the TPE, the excitation efficiency P & 10−10 and
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For the second term, since N is a very large number and P is a small number, thus from
n ≪ NP to n ∼ NP , n ≪ N always hold. So that N(N − 1)...(N − n + 1)P n ≈ NnP n.
However, when n increases to n ≫ NP , two neighbor terms are
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For N = 109 ∼ 1013, an excitation efficiency above P > 10−11 sufficiently saturates the
fluorophore that will not simply increase the crosssection with larger intensity.
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